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Simple Lie algebras with a subalgebra of codimension one

A.S. Dzhumadil'daev

We study Lie algebras over a field Ρ of positive characteristic p. The general Lie algebra of Cartan
type

Wl(m)=(el | - 1 < ί < Γ = ρ " · - 2 > , [eh *,]«= ( ( .

is simple for ρ > 2. When ρ = 2, it has an ideal of codimension 1: W\(jn) = <e,-l-l </ < r = 2m- 3>
(see [1]). By a Zassenhaus algebra we mean the simple Lie algebra Wi(m) (p > 2), Wi(m)
(P = 2).

Theorem. Every simple Lie algebra with a subalgebra of codimension 1 over a perfect field of
characgeristic ρ > 0 is isomorphic to a three-dimensional Lie algebra of type Αγ or to a Zassenhaus
algebra.

With a filtered Lie algebra X = X-\^ XQ^ · · · Ξ3 XT with multiplication { , } we can
r - 1

associate the graded algebra L = θ Ζ.;, Lj =^ Jfff/J£f+j,in which the multiplication is given by
1 1

the rule [χ, y] — {x, y)/Xi+ji-i for χ 6 L;, ;/ 6 X;. In such cases we say that X is an
{Li}-deformation of I . After identification of I,· with X-'Xi+ι the multiplication in j? can be
defined by the rule {x, y} = [x, y] -}- ^ U"g (x» !/)> w n e r e Ψ ? : / . x i ^ i isa bilinear skew-

symmetric map. Then the multiplication { , } 4 = [ , ] -f- y\ t9>|i? defines a deformation of I ,

and { , }/=1 = { , }. Every simple Lie algebra with a subalgebra of codimension 1 except Α ι is
isomorphic to some {Ζ.,-}-deformation of a Zassenhaus algebra (Kostrikin). It follows from the results
of [2] and [3] that such algebras are isomorphic to one of the following algebras, depending on
parameters E l t . . ., ε-,-! ξ. Ρ:

τ η — 1

Χ = ir,(m, ε), ρ > 2, {«?;, ej] = [e,·, cj] - 2 ^i.-ihph-i ~ 5J,-A.pk-i)ep

m-2,

m-l

X = Wlim, ε), ρ = 2, {̂ , r,} = (f/, f;] -f 3] eh(6/l.16;,2''_1 — fi/.-ifii.i

l'-i)et

m_I,

where 6;.^ is the Kronecker delta. It remains to construct an isomorphism X^L. To do this we
find an element Ε 6 X such that (ad Ε)Γ+ΐ = 0, (ad £ ) Γ + 1 φ 0. Then the map ^ H-* (adiE')r-i(fr),
— 1 < / < / · , gives the required isomorphism,

τη

Let Ε — e_i -f- ^ ^ i ^ r ' - s ^ Wl(m» ε ) · W e c l a i m t h a t

t = l

(1) ( a d £ ) p " = y ; (.mad f _ y ~ ' - a d *(*), x(*)e JT,ai φ <*ι>,
i=o »=o

where μ,· e /> has the form μ,· = λ,· + //, with /,· = /,·(/-!, . . ., λ,·^) independent of λ,·, ..., \m. For
A: = 0 this is obvious. Suppose that (1) holds for k- 1. If χ &X$, then (ad x)p is an inner
derivation. Therefore, by Jacobson's formula,

(ad f ) p f t = ( 2 (μ, ade_1)
i>""1~1-fadi (A-l))" =

i=0
fc-i . j

= Υ (μ, ad *_,)" +(Xk + /k) ad e., + adi(i),
i=0
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where x(k) 6 Xo» /ft 6 Ρ and /^ e Ρ depends on μχ, . . ., μ^-ι, hence, by the inductive hypothesis,
fk depends only on Xj, . . ., ^-J,_J.

t n - 1

Note that (ad i - i ) p m (e m ) ~ 2 e*f;>t"-i>''-«· Substituting this in (1) with k = m, we see
P "% * - l

that the condition (ad E)r+2 (e m ) = 0 is equivalent to
Ρ -2

where [x(m), e m ] = ue „ . Clearly, the system of equations (2) except the last one has a

(2)

e [x(

solution for \ j , ..., \ m e Ρ if Ρ is perfect. Since in j{ = lt'i(m, ε) we can choose the basis

{(ad E){ (f,) | 0 <: i < r + 1}, we find that (ad £)P m ( i ) = μτίοΓ all χ & L. In particular for
χ = Ε we conclude from this condition that μ = 0. Thus, we have proved that H'i(m, ε) ^ ΗΊ(;τ?)
for ρ > 3.

When L = H'j(m, ε), we extend the algebra by adjoining a new basis vector e m and defining

I'l. ' i n 1 = δ ί . - ι ρ m · Then (ad i ) 2 " 1 - 1 (e m , = (ad £)2™ ( < · „ ) = μ<- m and all the
2 - 2 2 -S 2 -».' 2 - 5 2 - 3

above arguments carry over except for one: in (2), the equation μη = 0 is insoluble, since Xm = 0.

Remark. In the proof of Theorem 3.9 a) in [4] it is asserted that there is an ad-nilpotent element of
m - l

the form E' = ?_i 4" ^ofo ~t-^j^ ie J,
m_ J ) '

i_2 £ W^m, ε). This is false, in general, for m > 2, since

( a d £ " ) p = V Xjf-Piad e_,)p'-fad x, x£L, λ0 6 Ρ
i=i

(the analogue of (1), above), and the (m- 1) equations λφ * -j- ε,· = 0, 1 < / < m- 1, in the
single variable λρ (the analogue of (2)) are insoluble. More detailed calculations show that E' is
ad-nilpotent only when λ(· = 0 for 1 < i < m— 1.

This error in the proof of 3.9 a) in [4] was noted earlier in [5], where the theorem is proved in
the case of algebraically closed fields of characteristic ρ > 3, and an example is given to show that it
is false in the case of a field that is not algebraically closed.
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