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Simple Lie algebras with a subalgebra of codimension one

A.S. Dzhumadil’daev

We study Lie algebras over a field P of positive characteristic p. The general Lie algebra of Cartan

type
Wy (m)=(e; | —1 <1< rempP—2), [ep, e,]=((‘+jj+1)_(i+f‘+1))e,-+,

is simple for p > 2. When p = 2, it has an ideal of codimension 1: Wl m)=(egl-1<i<r=2M-3)
(see [1]). By a Zassenhaus algebra we mean the simple Lie algebra W (m) (p > 2), W (m)
(p=12).

Theorem. Every simple Lie algebra with a subalgebra of codimension 1 over a perfect field of
characgeristic p > 0 is isomorphic to a three-dimensional Lie algebra of type A, or to a Zassenhaus
algebra.

With a filtered Lie algebra £ = Z.1 D XD . . .2 Ly with multiplication { , } we can

T-1

associate the graded algebra L= @ L;, L; &2 £/ Z;+;,in which the multiplication is given by
{=--1

the rule [z, yl = {z. y}/.Zi,,,q forr € Ly v v € Lj. In such cases we say that &£ is an

{L; }-deformation of L. After identification of L; with %;/ %41 the multiplication in % can be

defined by the rule {z, y} = [z, y] + E Yq (x, y), Where Yo L x L — L is a bilinear skew-

g==1
symmetric map. Then the multiplication { , }, = [ , 1+ z 3\ defines a deformation of L.
=1

and { , }4=1 = { , }. Every simple Lie algebra with a subalgebra of codimension 1 except 4 is

isomorphic to some {L; }-deformation of a Zassenhaus algebra (Kostrikin). It follows from the results

of [2] and [3] that such algebras are isomorphic to one of the following algebras, depending on

parameters €y, . .y Ep € P mot

Y = Wym, &), p>2, {eir e5) = les €] — Z sk(éi-—léj,pk—l - 51'-16i.ph—1)epm—2v
=1
-1
Walme € p = 2. fer, e =len, e = D) ex(8i,18p.0k g — 85, 18,00 p)ey™
k=1

£

{

where 6: jis the Kronecker delta. It remains to construct an isomorphism £2<1. To do this we
find an element E € £ such that (ad E)r*2 = (, (ad E)7*! % 0. Then the map ¢; —» (adE)""%(e,),
-1 <i <, gives the required isomorphism.

m

Let E = ey -+ ZA iepi_g € Wilm, €). We claim that

j=1

R _; r
1) (d EFP" = 3} (uad e ad (b, 1€ Lo D (er)
i=0 i=
where y; € P has the form y; = N+ f;, with f; == fi(74, . .., A;_;) independent of A;, ..., A,,. For
k = 0 this is obvious. Suppose that (1) holds for k— 1. If x € £, then (ad x)P is an inner
derivation. Therefore, by Jacobson’s formula,
& k-1
(ad EYP = (V (1; ad e-l)p
i=0

~i-

“fadz (k-1))P =

B-1 i
= S (uiad ex)?" " L (An+n) ad e +ad z (),
=0

-
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where z{k) € Lo, fx € P and fx € P depends on py, . . ., Py, hence, by the inductive hypothesis,
fy depends only on Ay, « ..y Ay

m-1

™ = m _k T L . _
Note that (ad e.;) (epm ) 2 exep™.phoy. Substituting this in (1) with k = m, we see

LoDl

that the condition (ad E)™% (¢ y, )= 0 is equivalent to
p -2

i
(9) “? ‘*‘em-i = ﬁ! 1 < i < m-— 11 Hm= “v p= no

where [r(m), e y 1= pe ;. Clearly, the system of equations (2) except the last one has a
b 1 -3

solution for Ay, ..., A,y € P if P is perfect. Since in £ = Wy(m, &) we can choose the basis

{(ad E)i (e;) | 0 < i < v + 1}, wefind that (ad E)P™(z) = prfor allx & L. In particular for
x = E we conclude from this condition that u = 0. Thus, we have proved that Wy(m, €) & Wi(m)
for p = 3.

When L = W,(m, €), we extend the algebra by adjoining a new basis vector e ,, and defining
2 og

fegs czm-“] = Gi,-lf’om_g- Then (ad E)2™-1 (ezm-a\ = (ad E)2" ((2m-°) = Wm_ and all the
above arguments carry over except for one: in (2), the equation w,, = 0 is insoluble, since A,, = 0.

Remark. In the proof of Theorem 13.9 a) in [4] it is asserted that there is an ad-nilpotent element of
m—

the form E’ = e_; + A€ —I-Z?\.iep'”‘_p‘i_z € W,(m, €). This is false, in general, for m > 2, since

i=1

m M om_ :
(ad EP" = A% "P (ad e,)P tad 7, z€L, Ao€P
i=1

(the analogue of (1), above), and the (m— 1) equations J,fm—P(—% g =0,1<i<m-1,in the
single variable Ag (the analogue of (2)) are insoluble. More detailed calculations show that £ is
ad-nilpotent only when A; = 0 for 1 <i < m-1.

This error in the proof of 3.9 a) in [4] was noted earlier in [5], where the theorem is proved in
the case of algebraically closed fields of characteristic p > 3, and an example is given to show that it
is false in the case of a field that is not algebraically closed.
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