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C O H O M O L O G I E S  A N D  D E F O R M A T I O N S  
A L G E B R A S  

A. D z h u m a d i l ' d a e v  

OF R I G H T - S Y M M E T R I C  

512.664.3, 512.664.8 

An algebra A with identity (a o b) o c - a o (b o c) = (a o c) o b - a o (c o b), is called right-symmetric. 
The cohomology and deformation theories for right-symmetric algebras are developed. The cohomology of gl,~ 
and half-Witt algebras W~ ̀~m, p = 0, W~'~m(m), p > 0, are calculated. In particular, one right-symmetric 
central extension of W[ ~'~ is constructed. 

1. I n t r o d u c t i o n  

An algebra A over a field ]C of characteristic p > 0 is called right-symmetric [26], [19] if for any a, b, c E A, 
the following condition takes place: 

a o  ( b o o )  - ( n o b )  o c  = a o  ( c o b )  - ( a o c )  oh.  

Any associative algebra is right-symmetric. For example, gln under the usual multiplication of matrices is 
right-symmetric. An algebra of vector fields K:[[x+t,..., x~l]] under multiplication uOi o vO i = vOj(u)Oi gives 
us a less trivial example of right-symmetric algebras. It is not associative. Since its Lie algebra is isomorphic 
to the Witt algebra W,, we call it a half-Witt algebra and denote it by W~ 'v"~. If n = 1, this algebra satisfies 
one more identity: 

a o  ( b o c )  = b o  Ca o c). 

Such algebras are called Novikov algebras [1], [21]. The generalization of the Novikov structure for the case 
n > 1 is possible if we consider the half-Witt algebra not with one, but with two multiplications. If we endow 
K:[[x~l,..., x• with the second multiplication uai * vOj = Oi(u)vaj, then we obtain an algebra with the 
following identities: 

a o  ( b o c )  - ( n o  b) o c -  a o  ( c o b )  + ( n o  ~) ob  = 0, 

a ,  ( b , c )  - b ,  ( a , c )  = 0, 

a o  ( b , c )  - b ,  ( ~ o c )  = 0, 

( a , b - b * a - a o b + b o a ) , c = O ,  

( o o b -  b o a )  , c + ~ ,  ( c o b )  - ( ~ , c )  o h - b ,  ( c o n )  + ( b , c )  o ~  = 0. 

These two multiplications are useful in constructing the right-symmetric, Chevalley-Eilenberg, and Leibniz 
cocycles of such algebras. 

We develop the cohomology theory for right-symmetric algebras. We endow the right-symmetric cochain 
complex C~sum(A , M) = (gkC~,~,,,(A, M), where C~+~(A, M) = Hom(A | Ak(A), M), k > 0, with a pre- 

simplicial structure. The respective cohomologies can be "almost" obtained by the derived functor formalism. 
The exact meaning of the word "almost" can be found in Sec. 2.5. Roughly speaking, this means that one 
should be more careful while considering the small degree cohomologies. If we take C~ M) as M, then 

3 we should consider the operator dr,~,~ with a cubic condition dr,~,~ = 0 [17]. We prefer taking C~ M) as 
Ker~sy,~ on M, i.e., C~ := M ''as' := {m E M :  (m,a,b) = 0,Va, b E A}. Then with any m E M, 

we can associate 2-right-symmetric cocycles, V(m) : (a,b) ~-~ (m, a, b). We call such cocycles standard. If 

Translated from Itogi Nauki i Tekhniki, Seriya Sovremennaya Matematika i Ee Prilozheniya. Tematicheskie Obzory. 
Vol. 55, Algebra-ll, 1998. 

836 1072-3374/99/9306-0836522.00 �9 Kluwer Academic/Plenum Publishers 



m E M la~s, then ~7(m) = 0. If m E M, then the cohomological class [V(m)] = 0, because V(m) = dw, where 

w(a) = [a, m]. Moreover, this is true if M is a submodule of some right-symmetric A-module _h:/, and m E 

is such that [a, m] = a o m - rn o a E M, Va E M. If rh E -~/is such that drs~rh(a) ~ M,  then W(rh) can give 

a nontrivial class of 2-right-symmetric cocycles in 2 H~.su,n(A , M) .  For example, the Osborn 2-right-symmetric 

cocycles for A = W[s~"(ra),p > 0, that appear in constructing simple Novikov algebras, 

(uO, vO) ~ zP' - luvO,  

(uO, vO) ~ zP'-2uvO, 

are V(zP=+lO), and V(xf '0 ) ,  respectively. 

If k > 0, the right-symmetric cohomology H k+l tA M) is isomorphic to the Chevalley-Eilenberg coho- - -  1 - $ ~  ~. ~ , 

Hhe(A , CI(A,  M)),  where the AUe-module structure on CI(A,  M )  is given in a special way: [a, f](b) = mology k 

-dr~u,nf(b, a). We also endow the right-symmetric universal enveloping algebra with a Hopf algebraic struc- 
ture. This allows us to consider cup products, which are very useful in cocycle constructions. 

The second cohomology space H~s~(A ,  A) is interpreted as the space of right-symmetric deformations. 

We calculate the right-symmetric cohomology of the matrix algebra gln, p = O. We prove that, in the 
category of irreducible antisymmetric g / ,~ -modu les ,  the nontrivial cohomology appears only in the case 
of M = (gl,~)ami. Moreover, the right-symmetric cohomology of gl~, ~ in (gl,~)~,,n can be reduced to the 
Chevalley-Eilenberg cohomology of the Lie algebra gln with coefficients in the trivial module: 

k + l  ,-,., k H;,um(91, , (91,,),,ti) = Hh,(gln , IC), k > O. 

In particular, k+l H~,u,~(gl,~, E) = O, k >_ O. We also calculate the right-symmetric cohomology of 9ln with 

coefficients in the regular module. These results show that gln has (n 2 - 1)-parametrical nontrivial right- 
symmetric deformations. Any formal right-symmetric deformation of gl,  is equivalent to the deformations 
given by 

( a , b ) ~ a o b + t t r b [ X , a ] ,  X e sZ=. 

One can choose an extension in yet another way: 

(a, b) ~ a o b + t X o ((tr a)b - t r  (a o b) + (tr b)a) 

+t2{ tr  a tr b - (tr a o b)2 X 2 - (tr a t r ( X  o b) ) X  - (tr (a o X ) t r  b ) X }  + . . . .  
We prove that the right-symmetric cohomology of A -- W r 'u ' . . ,  with coefficients in antisymmetric modules 

can also be reduced to the Chevalley-Eilenberg cohomology of the Lie algebra W,. As it turns out, the space 
2 H~,um(A, A) for A = W~, p = 0, or A = W,,(m), p > 0, is too large, and mainly this happens because the 

space of right-symmetric derivations is large. There is an imbedding 

Zr | H~, (A ,U)  --+ H2,,,,,(A,A). 

We prove that Z~,u,~(A , A) has a basis consisting of right-symmetric derivations of two types: Oi, i = 1, . .  ., n; 

i f p  > 0, one should also consider derivations ~ ' ,  0 > ki < mi; and xiOj, i , j  = 1 , . . . , n .  So, any right- 

, , x---,-l~i,k, ,~" ' such that OiO~(u,) = O, symmetric derivation of A has the form Ei=l uiOi + 5(p > O) F.i=x z.,k~=o 
i , j , s  = 1 , . . . , n ,  2i,k, E /C. We formulate a result about the local deformations of Wn, p = 0, or W,,(m), 

p > 3. The space 2 H~,~,,(W,,, W~), p = 0, is generated by classes of cocycles of four types. In the case p > 3, 

Steenrod squares also appear. We prove that W[ s~'' has exactly one right-symmetric central extension. It 
can be given by the cocycle 

(el, ej) ~-~ (j + 1)jSi+j,_l, p = 0, 

(e. ej) ( -1 )%j . . - -1 ,  p > o. 
For n > 1, 2 H , ~ m ( W ,  , lC) = O. 

:Regarding right-symmetric algebras, Novikov algebras, and some cohomology calculations, see also [13], 

[18], [22], [23], [3], [4], and [25]. 
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2. R i g h t - S y m m e t r i c  A l g e b r a s  a n d  ( C o ) m o d u l e s  

2.1. R i g h t - s y m m e t r i c  a l g e b r a s  

An algebra A over a field/C with multiplication (a, b) ~ a o b is called Lie-admissible if the vector space 

A under the commutator  In, b] = a o b - b o a is a Lie algebra. An algebra A is right-symmetric if it satisfies 
the following identity: 

(aob) o c - a o ( b o c ) = ( a o c ) o b - a o ( c o b ) ,  Va, b, c e A .  

Let (a, b, c) = a o (b o c) - (a o b) o c be the asssociator of elements a, b, c E A. In terms of associators the 
right-symmetric identity is 

(a,b,c) = (a,c,b), Va, b,c E A. 

The right-symmetric algebra A is Lie-admissible. Similarly, one can define the left-symmetric algebra by the 
identity 

(a: b,c) = (b,a,c), Va, b,c E A. 

Categories of left-symmetric algebras and right-symmetric algebras are equivalent. Any left(right)-symmetric 

algebra will be right(left)-symmetric under a new multiplication, (a, b) ~-~ b o a. 
An element e of a right-symmetric algebra is called a left unit if e o a = a for any a E A. Denote by 

Qz(A) the space of left units. Let ZdA ) = {z E A : z  o a = 0,Va E A} be the left center of A. Call the space 

NI(A) = ZdA ) ~ QdA) the semi-center of A. Then [NdA), NdA)] C_ ZdA ). An algebra A is called (left) 
unital if it has nontrivial left units. 

Any associative algebra is a right-symmetric algebra. In such cases, we will use the notation A ~'~ if we 
consider A as an associative algebra and A r ' ~  if we consider A as a right-symmetric algebra. Similarly, for a 
right-symmetric algebra A, the notation A r'u'~ will mean tha t  we use only the right-symmetric structure on 

A, and A lle stands for a Lie-algebra structure under the commutator  (a, b) ~-~ [a, b]. 
The matrix algebra 9lr, gives us an example of a unital  right-symmetric algebra. 
Less trivial examples appear in the consideration of Wi t t  algebras. The algebra W,~,p = 0, and W~(m) 

defined below has not only right-symmetric multiplication (a, b) ~-+ a o b, but  also one more multiplication, 

(a, b) ~ a �9 b, which satisfies the following identities: 

a o (b o c) - (a o b) o c - a o (c o b) + (a o c) o b = 0, 

~ ,  ( b , c )  - b ,  ( a , c )  = 0, 

a o  (b* c) - b*  ( n o  c) = 0, 

( a . b - b . a -  a o b - b o a )  *c= O, 

( n o b -  b o a ) , c + a ,  ( ~ o b ) -  ( a *  c) o h -  b*  ( ~ o a )  + (b*  c) o ~  = 0. 

Let 
k 

i=1 

be the algebra of Laurent power series if the main field k has characteristic 0, and 

o'': = 

i 

be the divided power algebra if c h a r . / k  = p > 0. Recall that  On(m) is pro-dimensional and the multiplication 
is given by 

x(~)x(~)=(a+f l )  x ( '~+~) 'a  
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where m = Ei  mi and 

= . \ ai / '  = l ! ( n - l ) ! '  n, l q Z + .  

Let ei = ( 0 , . . . ,  1 , . . . ,  0). Define 0i as a derivation of U with 

O~(z ~) = a~x ~-~', p = O, 

o~(z (~)) = z (~-~'~, p > o. 

Endow the space of derivations Der U = {~]~ uiOi : ui E U} with multiplications: 

~0, o vOj = voj (~)o , ,  

We denote the algebra obtained as W~nr'~(m). I f  p = 0, this notation will be reduced to W~ " ~ .  If n 

0(modp),  then an element e = ~ i x l O i / n  is a left unit  of W,~'~(rn). If n = 1, then a o b = a . b .  Thus the 

algebra A = W/ '~" (m) ,  in addition to the r ight-symmetry condition, satisfies the following identity: 

a o ( b o c ) = b o ( a o c ) ,  Va, b, c E A .  

Such algebras are called Novikov algebras [1]. Note tha t  the Novikov algebra Wx (m) is unital. If a right- 
symmetric algebra A is a Novikov algebra, we will use the notation A '*~. 

action 

2.2.  R i g h t - s y m m e t r i c  m o d u l e s  a n d  c o m o d u l e s  

A vector space M is said to be a module over a right-symmetric algebra A if it is endowed with a right 

and a left action 

such that  

M x A - - ~ M ,  ( m , a ) ~ + m o a  

A x M - + M ,  (a ,m)~-~aom,  

m o  [ a , b ] -  ( m o a )  o h +  ( m o b )  o a  = 0, 

(a o .~ )  ob - ~ o  (m o 0  - (~ob)  o m  + ~ o  (born) = 0, 

for any a, b E A, m E M. We will say tha t  M is an antisymmetric A-module if the left action of A is trivial, 
i.e., a o m = 0, for any a ~ A, m E M. For a module M over a right-symmetric algebra A, denote by Ma,m 
its antisymmetric A-module: Ma,m = M, (m, a) ~-~ m o a, (a, m) ~ 0, for all m E M,,~ti, a E A. 

A right-symmetric A-module M is said to be special if the right action satisfies the following condition: 

m o ( a o b ) - ( m o a ) o b = O ,  Va, b e A ,  V m E M .  

A special module is antisymmetric if a o m = 0, for all a E A. 

E x a m p l e .  For a right-symmetric algebra A, its vector space A can be endowed with the natural structure 

of an A-module, (a, m) ~-+ a o m, (m, a) ~ m o a, a, m e A. In such cases we say tha t  M = A is a regular 
A-module. If A is an associative algebra, then the regular module is special. 

The functor 
A~ie-module --+ right Ati%module --+ Antisymmetric A-module 

gives us an equivalence of the category of antisymmetric A-modules to the category of (right) Alie-modules. 

An antisymmetric A-module corresponding to a right A'ie-module M will be denoted by Ma, ti. 
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Assume that  A is an associative algebra A with multiplication (a, b) ~ a . b .  In the last case of A r'ym, 

right-symmetric multiplications can be defined in two ways: by (a, b) ~ a �9 b or by (a, b) ~ b �9 a. To be 

specific, we endow A rSum with the multiplication (a, b) ~-+ a-  b. For an associative algebra A the functor 

Right AaS'-module ~ Antisymmetric special At'Urn-module 

gives us an equivalence of the categories of antisymmetric special A~'Um-modules and right Aa"-modules. 

A right-symmetric A -module M can be endowed with the structure of a module over a Lie algebra A ue 

by the action [a, m] = a o m - m o a. The module thus obtained is denoted by M tie. 

Thus, to define a module structure on a vector space M over a right-symmetric algebra A, one should 

define on M a right module structure over the Lie algebra A zie and endow it with a left action that  satisfies 
(AAM). As mentioned before, the latter can be done trivially by sett ing a o m = O, Va E A, Vm E M .  

For a module M over a right-symmetric algebra A, the subspace 

M t'a'8 = {m :E M :  (m, a, b) = 0, Va, b E A}  

is called the left associative invariant subspace of M, and 

M t'i'" = {rn e M : rn o a = O, Va E A }  

is called the left invariant  subspace of M. If M = A is a regular module, then A ta'" is called the left associative 

center. Note that  A t'inv coincides with the left center of A. Note tha t  M t'inv is closed under the right action 
of A. One has 

M l'inv C M t'ass. 

A module M over a (left) unital right-symmetric algebra is called (left) unital if 

and (left) central if 

c o r n = m ,  Ve E Qz(A),  Vrn E M.  

z o r n = O ,  Vz E Z t (A) ,  Vrn e M.  

A regular module over a unital right-symmetric algebra is unital  and central. 
A vector space M is called a comodule over a right-symmetric algebra A if there exist a right action 

M • A -~ M,  ( rn, a ) ~-+ rn o a, 

and a left action 

such that  

A • M --+ M , ( a, rn ) ~-+ a o m,  

[a,b] o rn - a o (born)  + bo (a o rn) = O, 

- b o  (mo ) + (born) rno ( ob) + (mo ) ob = 0, 

for any a, b E A, rn E M. A comodule M is special if it satisfies the identity 

(aob )  o r n = a o ( b o m ) ,  Va, b E A ,  V m e M .  

A (special) comodule M is called ant isymmetr ic  if rn o a = 0 for any a E A. 

E x a m p l e .  Let A be a right-symmetric algebra, M an A-module, and M '  = {f  : M -+/C} the space of linear 

functions on M. Set 

(a o f ) ( rn)  = f ( rn  o a), ( f  o a)(rn) = f ( a  o rn). 
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Then M'  under the actions (a, f )  ~ a o f ,  (f ,  a) ~ f o a becomes an A-comodule. We cheek it: 

{[a, b]f - a o (b o f )  + b o (a o f ) } (m)  

= f ( m  o [a, b] - ( m  o a) o b + ( m  o b) o a)  = 0, 

{ - b  o ( f  o a) + (b o f )  o a -  f o (a o b) + ( f  o a) o b}(m) 

= f ( - a o ( m o b ) + ( a o m ) o b - ( a o b ) o m + a o ( b o r n ) ) = O .  

The A-comodule A' for the regular module A is called the coregular comodule of A. If A is associative, then 
A' is a special comodule. 

For an A-comodule M let 

M r'au = {m E M :  (a, b, m) = 0, Va, b E A} 

be the right associative invariant  subspace of M and 

M r'inv = { m  E M : a o m = O, Ya E A }  

the right invariant subspace of M.  Note that  M r'inv is closed under the left action of A. One has 

M r'inv C M r'a'" 

2.3. A n t i s y m m e t r i c  m o d u l e  C~ght(A , M )  

P r o p o s i t i o n  2.1. The space of linear maps := C ~ v , , ; ( A , M  ) C X ( A , M )  = { f :  A ~ M }  can be endowed 

with the structure of an ant isymmetr ic  A-module,  where the right action is given by 

( f  oa)(b)  = f (b )  o a -  f ( a o b )  + b o  f (a ) ,  a,b e A.  

P r o o f .  For f E C x (A, M),  a, b, c E A, we have 

( f  o [b, c ] ) (a )  - ( ( f  o b) o c ) ( a )  

= d~,tm, f ( a  , [b, c]) - dr,vm([f, bl)(a, 

+ ( ( f  o c) o b)(a) 

c) +dr ,u~( [ f ,  c])(a, b) 

= a o f([b, c]) - f ( a  o [b, c]) + f ( a )  o [b, c] 

- a  o [f, bl(c ) + If, bl(a o c) - If, bl(a) o c 

+ a  o [f, c](b) - [f, c](a o b) + [f, c](a) o b 

= a o f([b, c]) - f ( a  o [b, cl) + f ( a )  o [b, c l 

--a o dr.yrnf(c, b) + dr ,ymf(a o c, b) - drntm,,f(a, b) o c 

+a o dr,~m,f (b, c) - dr,~,,~,f (a o b, c) + dr ,~, , f  (a, c) o b 

= a o f([b, c]) - f ( a  o [b, c]) + f ( a )  o [b, c] 

- a o ( c  o f ( b ) )  + a o f(c o b)  - a o ( f ( c )  o b) 

+ (a o c) o f (b )  - f ( ( a  o c) o b) + f ( a  o e) o b 

- a o  f (b )  o c +  f ( a o b )  o c -  ( f (a )  ob) o c  

+ a o (b o f (c))  - a o f ( b  o c) + a o ( f (b)  o c) 

- (a o b) o ; ( c )  + Y ( ( a  o b) o c) - Y(a  o b) o c 

+ (a o f(c)) o b -  f ( a  o c) o b + ( / ( a )  o c) o b = O. 

Thus, C 1 (A, M) is a right Atie-module. 
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2.4.  U n i v e r s a l  e n v e l o p i n g  a l g e b r a s  o f  r i g h t - s y m m e t r i c  a l g e b r a s  

Consider two copies of A (denote them by A r, A l) and the tensor algebra T ( A  r (9 Al). The algebras 

X ,  A l are assumed to be free as k-modules and the tensor algebra T ( A  ~ (9 A l) is associative and unital. 

The elements of A" and A t corresponding to a E A are denoted by ra and l~, respectively. Let U(A) be the 

factor-algebra of T ( A  ~ (9 A z) over an ideal J generated by rb,a ] - r ,  rb + rbra, [rb, l~] -- lbl~ + l~ob. This algebra 

can be considered as a universal enveloping algebra of a right-symmetric algebra A. Denote by /_](A) the 

factor-algebra of T ( A  ~ (9 A t) over an ideal j generated by {r,ob -- r~rb, [rb, l~] -- Ibl~ + l,ob}. This algebra is 

called a special universal enveloping algebra of A. Note that  J C J ,  since 

rto,bl -- [ro, rb] = {roob --  rorb}  -- {r o + r r.} e J .  

Thus, the following is an exact sequences of algebras: 

0 --+ J ~ T ( A  ~ (9 A l) -r U(A) --+ O, 

0 -~ J -+ T ( A  ~ (9 A t) -~ (](A) --r O, 

and 

0 --+ J / J  --+ U(A) -r (J(A) ~ O. 

In particular, we can consider O'(A) as a right U(A)-module:  

v- vv 
UV ~ U'T), 

where ~ and fi are elements of U(A) and U(A) corresponding to u E T ( A  r (9 AZ). 

T h e o r e m  2.2. Let A be a right-symmetric algebra. 
(i) There exists an equivalence of the categories of  A-modules and right U(A)-modules. The same is true 

for A-comodules and left U(A)-modules. 

(ii) The category of special A-modules is equivalent to the category of right (](A)-modules. The same is 

true for special A-comodules and left (J (A)-modules. 

P r o o f .  (i) Let (r,l) " A --~ End M be a representation of a right-symmetric algebra A corresponding to an 
A -module M, i.e., 

r : A - +  

l : A--+ 

are the linear operators,  such that  for any 

So, any A-module is a right U(A)-module  
A-module. 

End M, a v--). r a ,  77/,7" a = 77"/, o a ,  

End M, a ~-~ la, rnla = a o m, 

a, b E A, 

r[~,bl -- r~rb + rbr~ = O, (MAA) 

[ro, l~] - lbl~ + l~ob = 0. (AAM) 

and, conversely, any right U(A)-module  can be considered as an 

A corepresentation (r ~,  l ~)  : A --~ End M, corresponding to an A-comodule M, 

co r :~ : A --+ End M, a ~+ ra, r a m  = a o m, 

1 c~ : A --+ End M, a ~-+ l~, l~~ = m o a, 

satisfies the conditions (MAA), (AAM) for r~ ~ l~ 0. So, any A-comodule is a left U(A)-module.  Any left 

U(A)-module can be considered as an A-comodule. 
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(ii) Let M be a special A-module. Then set t ing 

tara = m o a, rnla = m o a, 

we obtain a right Lr(A)-module: 

rn o (a o b) - (re| o b = 0 --+ r~oo = r a r b .  

Conversely, with each right U(A)-module N, one can associate a special A-module N,  if one sets n o a :-- 
r t r a ,  a o r~ = r ~  a .  

For a special A-comodule M, we note that 

(aob)  o m  a o ( b o m )  0 =:~ rao b 

if ~~ = ~~ r~ m a o m, I a m = m o a. Thus, any special A-comodule is a left U~P~C(A)-module. The converse 
statement is also obvious. [] 

2.5. R ight - symmetr i c  c o h o m o l o g y  as a derived functor  

Recall that  the factor-images of the element u E T ( A  r ~ A t) in U(A) and U(A) were denoted by ~ and 

5. Consider A = A ~  < 1 > as a right U(A)-module: 

l o ~ = r a o l = a ,  l o [ , = l a o l = a ,  a o ~ b = a O b ,  a o [ b = b O a ,  

for all a E A. We endow U(A) with the structure of a U(A)-module, as in Sec. 2.4. We consider A | Ak(A) | 

U(A), k > 0, as a right U(A)-module. Then A | AkA @ U(A) is a free U(A)-module. Denote its generators 

by < a0, a l , . . . ,  ak >, where a| E A, ax A - . - A  ak E AkA. We construct the homomorphisms 

as follows: 

O : A | A~A | U(A) -~ A | Ak-IA | U(A), k > O, 

O: a | U(A) --+ U(A), 

0(o.o, a l , . . . ,  ak) 
k 

= y~{(--1)i+l<ai, a l , . . . , d i , . . . , a k ) [ ~  
i=1 

o a, , . . . ,  

+(-X)i+l)ao,  a l , . . . ,  d i , . . . ,  a k ) ~  } 

+ Y]~(-1)i+x (ao, a l , . . . ,  6~, . . . ,  aj-x, [ai, a j ] , . . . ,  ak), 
i < j  

o(o ) = ( i ) L .  - (i) oo, 

e i = i ,  e$a=a,  e [ a = - a .  

Then the sequence 

0 �9 -- -+ A | A2A | U(A) -~ A | A | U(A) -~ A | U(A) -~ (](A) A~ ~ _+ 0 

is~an almost free resolution of the right U(A)-module fi,. Here the words "almost free" mean that  all terms of 

the resolution except U(A) are free right U(A)-modules. 
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Note that 
Hom(A | AkA | U(A), M) ~- A | AkA, 
U(A) 

and Homv(A)((J(A), M) consists of g : U(A) --+ M such that 

for any a, b E A. So, 

Therefore, we can take 

k>_O, 

g ( i ) ( ~ . ~  - ~oo~) = g ( i ( ~ o ~ b  --  ~oo~))  

= g ( r ~ r b  - -  r~ob)  = g ( ~ b  - -  r~ob) = O. 

Hom(Lr(A), M) ~ { m e  M :  (m, a, b) = 0}. 
U(A} 

C~,~(A, M) = ~9kC~,~,,(A, M), 

C~ M) = {m E M:  (m, a, b) = O, Va, b e A}, 

C~+~,(A,M) = A | A'A, k >_ O, 

as a right-symmetric cochain complex. 
These statements will follow from our results on the right-symmetric cohomology in next sections. Our 

approach is slightly different from Koszul's approach. We will argue in cohomological terms and prove that 
the right-symmetric cochain complex has a pre-simplicial structure. 

Let us mention these results relating to homologies. Let M be a comodule over a right-symmetric algebra 
A. Endow M | A with the structure of an antisymmetric A-comodule with a left action: 

Set 

b| ( r e |  = m o a |  m | 1 7 4  

C;'~"(A, M) := M ~~'' := { m e  M :  (a, b, m) = 0, Va, b E A}, 

C~k+~(A , M) = M | A | Ak(A), k > 0. 

C~.'~'~(A, M) = ~kC~k'~"(A, M). 

Then C,"Vm(A, M) is a chain complex under the boundary operator 

"'~" C;'~n(A, M), 0 : C;,+1 (A, M) -+ 

0 ( r a | 1 7 4  A . - . A a k )  

k 

-- ~ ( - 1 ) ' + 1 { m  o ao | a, | al ^ . . .  4 - . -  ^ a~ 
i = l  

- m |  ao o ai | al A di- - -A ak 

+ a l o m |  |  A - . . d i . . . A a k }  

+ ~ ( - 1 ) ~ + 1 ~  | ~o | ~ ^ - . - ~ . . .  ^ a~-1 ^ [~, ~j] ^ .  �9 . ~ .  

Moreover, C~.sv'~(A, M) has an antisymmetric A-comodule structure with a left action 

r a ~  r s ~  r s ~  " C~,+, (A, M), &o (x) C[+ 1 (A,M) --+ 

rsyrn 
poo ( x ) ( m | 1 7 4  ^ . - - ^ ~ )  

k 

: X : ( - 1 ) ' ( ~  o a0 | a, | ~ ^ . . .  ~ , . . .  ^ a~ 
i=l 
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- m  |  o ai | a l  A - . . d i - . -  A ak 

+ai o m | ao | al  A . . .  ai " " A ak } 

i + l  + ~--~J- 1) m | 1 7 4  a i ]A . . .Aak ,  

and the isomorphism of A-comodules 

Ck ~ ' ' l a  M )  "~ c~ie(A,  M | A )  + 1  k" ~, 

takes place, which induces an isomorphism of homology spaces 

Ilk ~u'~a M) "~ H~'e(A, M | A), k > O. + 1  W ~, 

2.6. C o m u l t i p l i c a t i o n  o f  t h e  u n i v e r s a l  e n v e l o p i n g  a l g e b r a  

Let U(A) be the universal enveloping algebra of a right-symmetric algebra A. As noted in Sec. 2, it can 
be generated by the elements r~, la, a E A, such tha t  

r[~,bl -- [r~, rb] = 0, [l~, rb] -- l~ob + lbl, = O, a, b e A .  

We define a homomorphism 

by 

A :  U(A) ~ U(A) | U(A) 

A(1) = 1 | 1, 

A(r~) = r ,  | 1 + 1 | (r~ - l~), 

A(la) = l~ | 1. 

According to the right-symmetry identities, 

~ ( k o ,  rb]) 

= ~ ( r o ) Z X ( r b )  --  ZX(rb)A(ra) 

= rorb | 1 + 1 ~ (ra --  lo)(~b -- l~) -- r~r~ | 1 + 1 | (rb --  lb) (ro  --  to) 

= r[~,b] | 1 + 1 | (r[~,bl -- l[~,b] 

= a (r t~ ,b ] ) ,  

m([ta ,  r b ]  - -  lao b -3 t- lbla) 

= (lo | 1)(rb | 1 + 1 | (rb -- lb)) -- (rb | 1 + 1 | (rb -- lb))(la | 1) -- laob | 1 +lda | 1 

= ([l~,  ~b] --  t~ob + lblo) ~ 1 = 0 

Thus, the above definition is correct. 

T h e o r e m  2.3. For a right-symmetric algebra A and its universal enveloping algebra U(A), the following 
diagram is commutative: 

U(A) -~ U(A) | U(A) 

U(A) | U(A) i~_~ U(A) | U(A) | U(A) 
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Proof .  We must check that 

We have 

(1 | A)A(u) = (A | 1)A(u), Vu e U(A). 

(i | a)zx( , . )  

= (ra|174174174174174 

= (ra | i| i + i @ra| i-- iOla | i) + i | i| (r.-- t.) 

= A ( r a )  | i + i | (ra - ta) 

= ( l  | i)  | A(,o), 

(1 | a)a(zo) = ta | i. i = (zx | i)a(zo). [] 

Similarly, the homomorphism A1 defined below is also a comultiplication: 

A i :  U(A) --+ U(A) | U(A), 

zxl(1) = 1 | 1, 

'% ("a) = ("a -- la) | 1 + 1 * ,'a, 

" l ( l a )  = i | la. 

So, we can construct, for given A-modules M and N, their tensor product M|  with a module structure 
induced by the comultiplication A: 

( m |  = m o a |  m |  [,~,a], 

a| (rn | n) = aorn|  

Moreover, this is possible for the right-symmetric A-module M and for an AU~-module N. These module 
structures on the tensor products are associative: if M, N, S are modules over a right symmetric algebra A, 
then 

(M | 1 7 4  M |  | 

Defini t ion.  For given modules M, N over a right-symmetric algebra A, a homomorphism of A-modules  
M | N -+ S is called a cup product of M and N. 

Denote the image of m | n in S by m U n. Thus, a bilinear map 

M x N-> S, (m,n)~-->mUn, 

is said to be the cup product (pairing) of M and N to S, if 

( m U ~ ) o a = m o ~  U ~ + m U [ ~ , ~ ] ,  

a o ( m U n ) = a o m  Un, 

for any a E A , m , n  E M. 
Let 

Cue(A, M) = Hom(AkA, M), k _> 0, CI(A,M) = Hom(A,M), k 

k + l  C~sy,,,(A, M) = Hom(A | A~(A), M), k >_ 0. 
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P r o p o s i t i o n  2.4. 

iS defined by 

C k+1 (A M) has an antisymmetric A-module structure, where the right action 

k+l ('?k+l (A M),  (r x) ,-+ r o x, (C,,u,~(A, M)  x A --+ --~vr-,--, 

( r  o z)(ao,  ~ , . . . ,  ~ )  

= ~o ~ r ~ , . - - ,  ~ )  - r  o z, ~ , . . . ,  ~ )  

k 

+r  ~ , . . . ,  ~ )  o ~ + ~ r ~ , . . . ,  ~,_~, [~, ~,] , . . . ,  ~ ) ,  
i--1 

�9 C TM ( A  M~ k > O. for r �9 -~su,~ ,-'- J, - 

P r o o f .  Since 
C~,vm(A , M)  = C~(A, M),  

one has an isomorphism of linear spaces 

G :C~u ,~(A ,M) |  ) ~ C ~ + ~ t ( A , M ) ,  k >_ O, 

( G ( f  | r  a x , . . . ,  ak) = f ( a o ) r  ak). 

In Sec. 2.3, we have constructed an antisymmetric right-module structure on C~oht(A , M).  The Lie module 

structure on C ~ ( A ,  k) over A u" is well known�9 So, for an antisymmetric A-module structure 

C)~vm(A , M) | C ~ ( A ,  k) = { f  | r  f �9 C~om(A , M) ,  r �9 C~e(A, k)} 

we have 
( ( f  ~ r  O 27)(0, 0 ~ ( a l , .  �9 �9 , ak) ) 

= ( ( f  o x) ~ •)(ao ~ ( ax , . . . ,  ak)) + ( f  ~ [~b,x])(ao ~ ( a l , . . .  , ak) ) 

: (f(ao) o x -- f(ao o x) + ao o f ( x ) )  | ~b(ax,. . . ,  ak) 

k 
+ f (ao) | ~ r  . . . , [x, ai], . ,ak).  

i=l 

We see that 

Therefore, (r z) ~ r o x gives us a right representation. 

c { ( / |  r  o ~} = { c ( f  | r o ~. 

E3 

Let 

and 

i fp  > 0, m = ( m l , . . . , m , ) .  
Let 

if p = O, and 

2.7. R i g h t - s y m m e t r i c  m o d u l e s  for  W~ "vm 

r ,  = {4  = ( 4 x , . . . ,  4 , ) ,  4 ,  �9 z , i  = x , . . . ,  n}  

r + = {4 �9 r , :  4~ > 0,i = 1 , . . . , n } ,  

r , ( m )  = {4 �9 r + :  4, < pm,,i = 1 , . . . , n } ,  

u --'~[[x*~, . . ,  ~,~']] = { ~ :  4 e r , } ,  
+ u + = ~ [ [~1 , . . . ,~ ] ]  = ( ~ ~  �9 r , } ,  

U = O . ( m )  = {z(~) : a e F . ( m ) } ,  
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if p >  0. 

For p = 0, set A = W~ ~ ' '  if U = K:[[x • • A + U + . . . ,  ~ ,  11, and = w : ' ~  m i f  ~ : [ [ ~ , , . . . ,  ~,11. Let A be 

W~Ym(m) if U = O~(m), p > 0. The algebras A, A + are right-symmetric and U is associative commutative. 
Note that  U has the structure of an antisymmetric graded A-module. The right action is given by 

u o aOi = aOi(u). The gradings are given by 

[x'~l = ~ a i ,  a �9 Fn (or r , ( m )  i fp  > 0), 
i 

u = e ~ v ~ ,  v k  = { ~  �9 u :  I~l = k } ,  

A = ~kAk,  Ak = {aOi : la[ = k + l , i =  l , . . . , n } ,  AkoA,_CAk+, ,  

U o U z C U k + l ,  U k o A t C U k + z , k ,  l E Z .  

rsyrn Note that  Ao ~- gl~ . 

Let .40 = @kAk, and .4+0 = Sk > 0A + i f p  = 0. Let M be an `4o-module i f p  > 0, and an A~-module if 
p = 0. Define an antisymmetric A-module structure on U | M0 by 

(,~ | m) o ~o, = ~o,(~,) | ,,, + ~ ~,o~ | [~, ~c~)o,], v > o, 
flern 

(u | m)  o aO~ = aOi(u) | m + ~ (l/~!)uOO(a) | [m, x~Oi], p : O. 
~ r  + 

3. C o h o m o l o g y  of  R i g h t - S y m m e t r i c  A l g e b r a s  

~,+1 tA M) 3.1. P r e - s i m p l i c i a l  s t r u c t u r e s  o n  vrsv.~v-, 

For a right-symmetric algebra A and its module M,  we introduce the structure of a pre-simplicial cochain 
*+I k + l  complex on C~,v,n(a , M )  = ~)k>_oC~,u,~(a, m ) ,  where 

k+l  C.,~,.(A, M) = Hom(A | ^ka,  M), k > 0. 

*+I C *+1 (A M )  -+ C;,u~(A,  M ) , ,  = 1, 2, by Define linear operators Di : v~,um~-, . . . ,  

k f ~ k + l  t~l M),  Oi : C~,~(A, M) -+ ~ , , ~ , - ,  

Dir al, . . . , a ,)  

= a 0 o~b(ai, a l , . . .  , d i , . . .  , ak )  -- ~)(a 0 o a i ,  a l , . . .  , a i , . . . , a k )  

+r a~,..., ~ , , . . . ,  ~ )  o ~,  + ~ r ~ ,  �9 �9 �9  ~, ,  �9 �9 �9  ~ - ~ ,  [~,, ~ j ] , -  �9 - ,  ~ ) ,  
i<j 

O < k , i < k ,  

D i e  = 0, i > k. 

Here a means tha t  the element a is omitted. 
* @kC~u~(A , M )  with the structure of a cochain complex, In the next section, we will endow C~s~(A ,  M )  = k 

where 
C~u~(A  , M ) = O ,  k <O, 

C~~ M )  = { m e  M :  (ma)b = m(ab),  Va, b �9 A}.  
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T h e o r e m  3.1. Th e  set  o f  e n d o m o r p h i s m s  Di ,  i = 1, 2 , . . . ,  e n d o w s  C ~y,~v-,(A M)  = G/c>0C~ym(A , M )  wi th  

a pre - s impl i c ia l  s tructure:  

D~D~ = D~Ds_~, i < j ,  

-- C *+1 r M): I n  part icular ,  d ,~ ,~  - - ~ i ( - 1 ) i D i  is a coboundarv  opera tor  on  _ ~ , ~  ~_, 

P r o o f .  For i < j ,  1 < k, we have 

where 

drsym 2 = O. 

Direct calculations show that  

D s D i r  a l , . . . ,  ak) = X1  q- X 2  + X 3  + X4 ,  

X1  = ao( D i r  s, a l ,  . . . , ds, . . . , ak),  

)(2 = - D i O ( a o  o as, a l , . . . ,  d s , . . . ,  a/c), 

)(3 = O i r  a l ,  . . . , a s , . . . ,  a/c )as, 

X 4  = ~ D , r  . . , d j , .  . . ,ao_~,  [aj, a , ] , .  . . ,a/c). 
j<s 

Xl = ao(aj~b(ai, a l , . . . ,a i , . . - ,a~j ,  ---,a/c)) 

-aoC(as  o a~, a~ , . . . ,  a ' i , . . . ,  a s , . . . ,  a/c) 

+ao(r  ., a~ , . . . ,  aS , - . . ,  a/c)~) 

+ ~ aoCCCas,  a ~ , . . . , , ~ , . . . ,  [a, ,  a s ] , . . . ,  a/c)) ,  
i<s,sCj 

x ~  = - ( c o  o as )  C ( a , ,  a~, . . . , ~ , ,  . . . , ~S, . . . , a/c ) 

+ r  (~o o a j )  o a , ,  ax ,  . . . , a , ,  . . . , ~ ,  . . . , a/c) 

- ( r  o ~s ,  ~ , . . . ,  d , . . . ,  ~ s , . . . ,  a/c))a~ 

-- Z ~( aO o a j , a l , . . .  , a i , . . . , [ a i , a s ] , . . .  ,a/c), 
i<s,s~S 

x~  = +(aor a l , . . . ,  ~ , , . . . ,  ~S,-- ", a/c))aj 

- ( r  o a,, a l , . . . ,  a , . . . ,  ~ j , . . . ,  a/c))aS 

"q-((@(a0, a l , . . . ,  a i , . - . ,  a j , . . . ,  ak)ai)aj 

"Jr- E (ff)(ao, a l , ' " , a ' , ' " , a s - l , [ a i , a s ] , ' " , a k ) ) a S  
i<8,s~j . . . . . .  

-q-~a0(~(ai , a l , . . .  , a i , . . .  , a j , . . . , a s _ l , [ a j , a s ] , . . .  ,a/c)), 
j<s 

x4 : - G r o ~,, ~ , , . . . ,  a , , . . . ,  a j , . . . ,  a,_, ,  [a~, a~] , . . . ,  ~ )  
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+ 
j<s,i<sl,s<sl 

+ 

j<s,i<sl,sl<s,slCj 

Analogously, 

where 

We have 

+ 5 ]  (r ~, , . . . ,  a , , . . . ,  a j , . . . ,  ~ - , ,  [a~, a ,] , . . . ,  ~))a ,  
j<s . . . .  

r ~ , . . . ,  a , , . . . ,  a , , . . . ,  a,_,, [aj, a , ] , . . . ,  a,,_~, [~,, ~,,] , . . . ,  a~) 

r a~, . . . ,  < , . . . , . . . ,  a, ,_,,  [a t, as , ] , . . . ,  a , _ ~ ,  [a,,  a s ] , . . . ,  a k )  

+ 5 ]  r a l , . . . ,  a , , . . . , , ~ j , . . . ,  as_~, [a,, [aj, a,]],. . . ,  ~ ) .  
j<s,(i<sl,sl=s) 

D i D j _ x r  a l , . . . ,  ak) = ]"1 q- Y2 q- Y3 -1- Y4, 

Y1 = a o ( O j - l r  a l , . . . , a i , . . . , a k ) ,  

Y2 = - D j - l  (ao o a , ,  a~,  . . . , d i ,  . . . , a k ) ,  

]I3 = D j - l r  a l , . . . ,  d i , . . . ,  a k ) a i ,  

y,  = 5 ]  Dj_xr a , , . . . ,  a , , . . . ,  a,-a, [o~, a , ] , . . . ,  a~). 
i<$ 

= ao(a,r ~ ,  . . . ,  ~ , , . . . ,  ~ , . . . ,  a~)) 

-aor o at, ~1, �9 - -, a~ , . . . ,  d j , . . . ,  ak) 

+ a o ( r  a , , . . . ,  ~~ , . . . ,  d j , . . . ,  ak)aj) 

+ 5 ]  o~r a l , . . . ,  a , , . . . ,  aj, �9 �9 �9 a,_l ,  [aj, a , ] , . . . ,  a~), 
j<s  

Y~ = - (ao  o a,)r  a l , . . . ,  ~ , , . . . ,  a t , . . . ,  a~) 

+r  o a , )  o , , 5 ,  a ~ ,  . . . , a , ,  . . . , ~ j ,  . . . , a , , )  

- r  o a i ,  a l ,  . . . , d i ,  . . . , d j ,  . . . , ak  ) a j  

- 5 ]  r o a,, a l , . . . ,  a , , . . . ,  ~ j , . . . ,  a ,_l ,  [aj, as] , . . .  ,a~), 
j<s 

Y3 = (aor a l , . . . ,  d i , . . . ,  d j , . . . ,  ak))ai 

- (r o aj, a l , . . . ,  a , , . . . ,  a j , . . . ,  a~))a~ 

+ ((r a ~ , . . . ,  ~ , , . . . ,  a j , . . . ,  a~)aj)a, 

+ 5 ]  ( r  ai" 
j<s  

We represent Y4 as a sum: 

where 

Y4 = Y4,1 + Y4,2 + I"4,3, 

5 ]  D j - , r  a l , . . - , d , , . . . , a , - , , [ a , , a s l , " ' , a k ) ,  
i<s<j 
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Y,.2 = Dj_,r a l , . . . ,  a , , . . . ,  aj_,, [a,, aj ] , . . . ,  a~), 

Y4,3 = ~ Dj_lr a l , . . . ,d , , . . . ,as_ , , [a , ,a , ] , . . . ,ak ) .  
j < s  

These elements can be expressed in the following ways: 

Y4,i = ~ ao(r  
i<s<j  

--  E :  r  a0 ~  , a i , ' ' ' , a ' , ' ' ' , a s - ' , [ a i , a ' ] , ' ' ' , a j , ' ' ' , a k )  
i<s<j  

+ E: (r a , , . . . ,  a~, . . . ,  as_i, Is,, as] , . . . ,  a j , . . . ,  a~))aj 
i<s<j  . . . . . .  

Jr- E r al,~176176176176 ,a$],''',a~g), 
i<sl <j<s 

r~,~ : +ao(r aj], a , , . . . ,  a,, . . . ,  aj , . . . ,  a~)) 

- r o [a~, aj], ~1 , . . . ,  a , , . . . ,  d j , . . . ,  a~) 

+ (r a , , . . . ,  a , , . . . ,  a j , . . . ,  a~))[a,, aj] 

-~- E r  a0 '  a ` '  " " " , ~ / '  " " " , a J , ' " , a s - l , [ [ a i ,  a j ] , a s ] , ' " , a k )  , 
j < s  

Y4,3 : E a o ( r  , a l ,  " " " , a i ,  " " . , a j ,  . " . , a s - a ,  [ai, as], " " " , a k )  ) 
j<a 

- E] r o aj, a l , . . . ,  a , , . . . ,  a t , . . . ,  a,-1, [a,, as] , . . . ,  a~) 
j<s  

+ E: (r a l , . . . ,  a , , . . . ,  a j , . . . ,  ~s_l, [~, a , ] , . . . ,  ak))aj 
5<8 

'~ E r  a l , ' " , a i , ' " , a J , ' " , a s - l , [ a i ,  a s ] , ' ' " a s l - l ' [ a J  ' a s l ] ' ' ' ' ' a k )  
j<8<sl  

+ E: r a l , . . . ,  a , , . . . ,  a t , . . . ,  ~,-1, [at, Is,, ~ , ] ] , . . . ,  a~) 
j<s  

-~ E r  a l , ' " , a i , ' " , a J , ' " , a s l - l , [ a i ,  a s , ] , ' " , a s - l , [ a J  , a z ] , . ' . , a k )  
j<sx<s  . . . .  

Using the right-symmetric identity for the expressions underlined, in a similar way we obtain that 

DjDi = DiDj-i ,  i < j. [] 

3.2. C o h o m o l o g y  of  r i g h t - s y m m e t r i c  a lgebras  a n d  C a r t a n ' s  fo rmulas  

p .+l  A = EBk>oC~sy,~(A, M) is a cochain complex under In the previous section, we proved that ,~y,~( , M) 

coboundary operator d~sym, such that 

d ~ r  a i , . . . ,  ak) 
k 

= - ~'~(-1)'ao o (r ai, .  �9 d , , . . . ,  a~)) 
i----1 
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k 

+ ~ ( -  1)ir o ai, a l , . . . ,  d i , . . . ,  ak) 
i = 1  

(-1)i+Xr a ~ , . . . ,  d i , . . . ,  [a,, a j ] , . . .  , ak) 
l < i < j < k  

k 

- ~ ( - 1 1 ' ( r  ~ , . . . ,  a , , . . . ,  ~ )1  o ~,, 
i = l  

r e Ck(A, M), 0 < k. 

1 . For m E M, define d~.~,n E Cr M).  

It is easy to see that 

drsymm(a) = a o m - m o a. 

a~,~mm(a,b) 
= a o d~s~nm(b) - ~,u,~m(a o b) + dr,u,nm(a) o b 

= ao  ( b o m ) - a o  ( m o b ) -  (aob)  o m + m o  (aob)  + ( a o m )  o b - ( m o a )  ob 

= (a ,b , ,~)  - ( a , m , b )  + , n o  (~ oh) - ( ~ o a )  ob. 

Thus, according to the right-symmetric identity, 

d2r,~,,,m(a, b) = m o (a o b) - (m o a) o b. 

Two conclusions follow from this. First, taking the subspace of left associative invariants 

M t~'' = {m E M :  (m, a, b) = 0, Va, b ~ A }  

as a 0-cochain subspace C~~ M),  we obtain a cochain complex 

* = @k>oC~,um(A , M)  C;nr,,,(A, M)  k 

under the coboundary operator dr,ym. 
construction of standard 2-cocycles. 

Let 
* = @kZ;sy,,~(A, M),  Z;,~,,(A, M)  k 

Z;~y,~(A, M) = {r e C~,~m(A, M ) :  dr,u,~ r = 0} 

be the spaces of right-symmetric cocycles, 

= @kB~,~r~(A, M),  B;,~,~(A, M)  k 

k - 1  M B ~ , ~ ( A , M )  = {d,,y,~w : w e C~,r,~(A, )} 

be the spaces of right-symmetric coboundaries, and 

* = @kH;sym(A , M), H~.sym(A, M)  k 

k Z~,ym(m , M)/Br,u,n(A,  M) Hr,y.~(A, M)  = k k 

be the right-symmetric cohomology spaces. 

(1) 

The second conclusion will be discussed in the next section in the 
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Defini t ions.  For any x E A, the interior product endomorphism i(x) of C~,ym(A, M) is defined by 

k (7. k+l rA M) --+ C~,~,,,(A, M), i ( z )  : v r , ~ , ~ , _ ,  

i ( ~ ) r  = r  k > 0, 
1 i(x)r = O, r e Cr 

C *+1 (A M) be a representation of the Lie algebra A tie corresponding to the antisymmetric Let Plie: Alie ~ - rsymx ' -~  

representation 
. +1  p~,~,~: A --+ C~,~m(A, M),  p,,y~(X)r = 0, Cp~,um(x) = r o x 

constructed in Proposition 2.4: 

(p,, ,(~)r (~o, a l , . . . ,  a~) 

= - a o  o r a l , . . . ,  a,,) + r  o ~, a l , . . . ,  a~) 
k 

--~)(ao, a l , . . .  , a k )  O X - -  Z ~ ) (  a O ' a x ' ' ' ' ' a i - l ' [ x ' a i ] ' ' ' "  , a k ) .  
i : l  

Recall that 
P,,e(:)r = - - r  = - - r  o ~ = - r  

P r o p o s i t i o n  3.2 ( C a r t a n ' s  formulas) .  Conszder" C~,~r~(A M) := wk~r,v,~t'~" f,k+l /A, M) as an AUe-module. For 
*+1 the linear operators on C~s~,n(A , M),  the following relations hold: 

(i) 

(ii) 

(iii) 

(i,,) 

(,,) 

Proof .  (i) 

i(x)Dt = Dz_li(x), l > 1, 

i(x)D1 = -pue(X), 

p,,,[~, y] = [p,,~(~:), p, ,(y)] ,  

[i(~), p, , (y)]  = - i @ ,  y]), 

dr~mi(x) + i(x)d,.,um = -pue(x), 

i(~:)D,C(ao,..., a~_l) 

= Dlr x, a l , . . . ,  ak-x) 

= ao o r  z ,  a l , .  � 9  a l l , . . . ,  ak -1 )  

- - r  o a l - 1 ,  x ,  a l ,  . . . , al ' - l ,  . . . , a k - 1 )  

+ r  z ,  a l ,  �9 �9 a g _ ~ , . . . ,  ak -1 )  o a~- i  

+ Z r  x ,  a l , ' " , a f - 1 , " ' , a j - l , [ a l - l , f l J ]  , ' ' ' , a k - 1 )  
t-l<j 

= ~o o i (x)r  a , , . . . ,  a ? - l , . . . ,  ak-1) 

- i (~ ) r  o a,_,,  a x , . . . ,  a & ,  . . . ,  ak_l) 

+ i (x)r  a l , . . . ,  a , ' - l , . . . ,  a~-l)  o a,-1 

+ ~ i(~)r a l , . . . ,  a ; - 1 , . . . ,  aj_1, [a,, a L - . . ,  a~-l)  
l - l < j  

= O,_li(X)C(ao, . . ,  a~_x). 
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(ii) 

i(x)Dlr ., ak-1) 

-- D l r  x, a l , . . . ,  ak-1) 

= ao o r  a~ , . . . ,  ~k-1) - r o ~ , a ~ , . . . ,  ~_~) 

+r  ~ , . . . ,  ~_1)  o ~ + ~2 r ~ , - . . ,  ~j-~, [~, ~ j ] , . . . ,  ~_~)  
o<j  

= ( r  �9 ~k-~). 

(iii) P ropos i t ion  2.4. 
(iv) We ob ta in  

- ( ( i ( : )p , ,o (y ) ) r  (~o, ~ , . . . ,  ~ - ~ )  

= ( r  o y)(~o, ~, ~ , . . . ,  ~ - , )  

= ao o (r x, a l , .  �9 ak-1) -- r  o y, x, a l , . . . ,  ak-1) 

+ r  x, al ,  �9 �9 ak-1) o y 

and 

Thus  

Thus,  

k - 1  

+r [~, y], ~ , . . . ,  ~ _ , ) +  ~ r ~, ~ , - . . ,  ~,- , ,  b , ,  y ] , . - . ,  ~ - 1 ) ,  
i-=l 

-{(p, ,eCy)i( :))r  (~o, ~ , . . . ,  ~_~)  

= {(i(~)r o y}(~o, a l , - - - ,  ~ - 1 )  

= ~o o {(i(~)r ~ , . . . ,  ~_~)}  - (i(~)r o y, ~ i , . . . ,  ~_~)  

+{(i(~)r  ~ , . - - ,  ~ - ~ ) }  o y 

k - 1  

+ ~ ( i ( ~ ) r  ~1 , . . . ,  o~_~, b , ,  y ] , . . . ,  ~ - ~ )  
i = l  

= ao o (r  ~, a~ , . . . ,  ~_~))  - r o y, 2, ~ , . . . ,  ~k_l) 

+ r z, a l , . . . ,  ak-1) o y 

k -1  

+ ~ r ~, ~1 , . . . ,  o~_1, [~, y ] , . . . ,  ~k-1) �9 
i = l  

{(-i(~)o,~,(y) + p,,,(y)i(~,))r a~,..., a~_,) 

= (i[~, ylr a l , . . . ,  ~k-1). 

(v) According  to (i) and (ii), 

i(x)dr~z,,~ = i(x)D1 + ~-~(-1)'+li(x)Dl 
/>1 

= - p , i , ( x ) +  ~-~.(-1)'+lD,_,i(x) 
l>1 

= -P, ie(x)  " ~(-1) '+lD, i (x) .  
I>o 
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3.3. Long exact cohomological sequences  

The following theorem follows from standard homological results. 

T h e o r e m  3.3. Let A be a right-symmetric algebra and 

O ~  M--+ T ~ S---rO 

a short ezact sequence of right-symmetric A-modules. Then the following is an exact sequence of right- 
symmetric cohomology spaces: 

0 ~ Z~ --+ Z~ ~ Z~ --~ 

Z~,,~(A, M) ~ Z ~ m ( A , T )  ~ Z~,~(A,  S) 2+ H~s~,,,(A, M) --+ . . .  

H~ym(A ,M ) --+ H~,y,~(A,T) --~ H~um(A,S ) -~ H~+x,~(A,M) ---r . . .  

Here ~ is a connecting homomorphism: 

~[r = [ d , , ~ r  k [r e H~,~,,,(A, S), k > 1, 

i r e Z;.tr,~ (A, S), i = O, 1, 

k i where r E Z~.u..,(A,T ) is a representative of the cohomological class [r and r E Z~.vm(A,T ) moves to Cx 
i under the natural homomorphism Z~,~r,,( A , T) -+ Z~,ym( A , S), i = O, 1. 

Then 

2 Define a homomorphism V : S t ' ~  --r Z-r , M) as a composition 

V :  C~ S) a*2-~ " ~ 6(d,,~,,s). ZI,~,~(A, M), s ~-r d , , ~ s  ~-~ 

V ( ~ ) ( a ,  b) = ,a  o (a o b) - ( ,a o a) o b. 

In particular, there exist homomorphisms 

1 6: S t."`* ~ Zr M), (f(s) : a .-+ [a, s], 

1 6 : S t'i'~" ~ Z~,u,~(A, M), -6(s)  : a ~ a o s. 

3.4. C o n n e c t i o n s  b e t w e e n  t h e  r i g h t - s y m m e t r i c  c o h o m o l o g y  a n d  t h e  C h e v a l l e y - E i l e n b e r g  
c o h o m o l o g y  

Recall that for any Alie-module Q, the standard representation Q : A ue --+ C~]~(A, Q) is given by 

~ ( ~ ) r  

k 

= [ x , r  ~ r ai], . . . ,ak),  
i=1 

k where r e C~ie(A, Q) and (x, q) v-~ [x, q] is a representation corresponding to the Lie module Q. 

T h e o r e m  3.4. Let A be a right-symmetric algebra and.M be an A-module. An operator 

k k + l  F :  Ch,(A, CI (A ,M))  ~ C~s~h.,,(A,M), k > 0, 

defined by the rule 

Re(a0 ,  a l , . . . ,  a~) = - r  a~- l ) (~0)  

(2) 
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induces an isomorphism of Alie-modules. Moreover, F induces an isomorphism 
C "+~ (A M) and C~(A,  CI(A,M)).  In particular, 
- - r  $ ] l r r t  x " - ,  

H k+l tZ M) k C 1 ,~m,_, ~- H,i~(A, (A, M)), k > O. 

The following sequence is ezact: 

0 0 0 1 0 --+ Z~,y,~(A, M) --+ C~,~r~(A, M) --+ H~,,(A, C~(A, M)) --+ H;,~,~(A, M) --+ O. 

of cochain complexes 

(3) 

(4) 

Proof .  Prove that for any x E A, k > O, the following diagram is commutative: 

C~,(A, C~(A, M)) ~(~t 
SP 

syrn ~" "~ 

k 1 For r E Cti,(A, C (A, M)) we have 

k 1 Che(A, C (A, M)) 
J,F 

C k+l CA M) 

F{Q(x)O}(ao, a l , . . . ,  ak+1) = , Q ( x ) r  a~+x)(a0) 

k 

= - { ~  o (r a~))}(o~) + ~ r a,_~, [~, a,],.. . ,  a~)(~0) 
i : l  

k 

= + { ( r  ak)) o ~}(~o) + ~ r  a,_~, [~, a,],. . . ,  ~)(~0) 
i : 1  

= - a  0 o ~)(:T, a l , . . .  , a k )  --[- ~/)(a 0 o :r., a l , . . ,  , a k )  - -  ~b (ao ,  a l , . . .  , a k )  o T. 

k 

- ~ r a l , . . . ,  [~, a,],.. . ,  a~) 
i = 1  

= -(r ~1,.. . ,  ~k) 
= {(Fr ak)(a0). 

Thus, F k k+1 Ch~(A, CI(A, M)) --+ C~,~,,,(A, M) is a homomorphism of Alia-modules. It is obvious that F has no 

kernel and F is an epimorphism. 
Now, prove that for any k > 0 the following diagram is commutative: 

k Ch~(A, CI(A,M))  a"5 
SF 

C k+l tA CI(A,M))  ~"~ 

k For r ~ Ca.(A, CI(A, M)), we have 

k + l  1 C;,, (A, C (A, M)) 
SF 

C k+2 [4  M) 

F(dlier (ao, a l , . . . ,  ak+l) = dl ier  ak+l)(ao) 

( -1) 'r  . ,di,.  .., [ai, aj],. . .,ak+l)(ao) 
l < i < j < k + l  

k + l  

- ~-~ ( -1) i [a i ,  r  ,di , . . . ,  ak+l)](ao) 
i=1  

Z (-1)'+~Fr a~ , . . . , e , , . . . ,  [a,,ajl,...,ak+~) 
l < i < j < k + l  

k + l  

+ ~( -1 ) 'd , ,~ (e (a : , . . . ,  ~ , . . . ,  ak+:))(~o, a,) 
i=1  
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= Z (-1)'+lFr 
l < _ i < j < k + l  

k + l  

+ o a , , . . . ,  
i=1 

k + l  

- ~(-1)'(r 6,,..., ak+l))(ao o a,) 
i=l  

k+l 

+ ~ ( - 1 ) i ( r  6,, . . . ,  ak+l)(ao)) o ai 
i=1 

= ~ ( -1 ) i+ lFr  a , , . . . ,  6 i , . . . ,  [ai, a j ] , . . . ,  a~+l) 
l<_i<j<_k+l  

k + l  

- ~ ( -1) 'ao o (Re(a, ,  a l , . . . ,  d , , . . . ,  ak+~)) 
i = l  

k + l  

+ ~ ( - 1 ) i F r  o a/, a l , . . . ,  d i , . . . ,  ak+l) 
i=1 

k + l  

- E ( - 1 ) i ( f r  a l , . . . ,  aq , . . . ,  ak+x)) o ai 
i=1 

= d~z~,,(fr e l , . . . ,  ak+l)- 

Thus, we obtain an equivalence of the cochain complexes E)k>oC~i,(A, CX(A, M)) and k (gk>xC~,~m(A, M). In 

particular, we have the isomorphism (3). 
Since, H~.,,(A,1 M) = Z~,~,n(A M)/B~,~,,~(A, M) and 

Z~,y,,,(A, M) = {r �9 C'(A, M ) :  d ~ . ~ r  = 0} = Z~t~e(A, C~(A, M)), 

B~,u,.,~(n , M) = {d~,~,,,m : m �9 M, (m,a,b) = O, Va, b �9 A} = M r " / M  `''"~ Ct M inv, 

we have the exactness of (4). I::1 

Def ini t ion.  Let f : C~su,~(A, M) --+ C~*i,(A, M) be a linear operator such that 

k f :  C~,rm(A, M) ---r Ch,(A , M), 

k 

f r  ak) = T)--~.'~(-1)i+k+lr a l , . . . ,  a i , . . . ,  ak). 
i=1 

We introduce the subspaces 

O~'n,,,(A, M) = -k (t)kC~n,,~(A , M), 

k+2 r M) = {r E C~,~,(A, M ) :  f r  = 0}, k _> 0. 

T h e o r e m  3.5. Let A be a right-symmetric algebra and M be an A-module. Then the operator 
f : C~sy,~(A, M) --~ Ci'ie(A, M) is a homomorphism of cochain complexes and the following cohomotogical 
sequence is ezact: 

0---~ Z~s~,,(A,M ) ~ Z~i~(A,M) -~ 

- 0  2 2 Hrsym(A, M) --+ H;sym(A, M) --+ gh~(A , M) -~ -x H~y,~(A, M) -+ ..- 

eJ - k - 2  k k --+ Hr,ur~(A , M) --+ H;sy,~(A , M) --+ Hh,(A , M) -~ - k-1 H;,y,~(m, M) ~ . - .  
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A c o n n e c t i n g  h o m o m o r p h i s m  
k-1 6 : [ - I ~ , ( A ,  M )  ~ H~,~, ,~(A,  M )  

~s i n d u c e d  by a h o m o m o r p h i s m  

k-1  

P r o o f .  We will check that  for k > 0 the following diagram is commutative: 

F o r C E  k C ~ m ( A ,  M ) ,  we have 

and 

C ~ r ~ m ( A ,  M )  d.,y.~ k+: C , n , , , , ( A ,  M )  

4 /  ~.I 
k dzi~ k + l  C l , e ( A ,  M ) )  CI,  ~ ( A ,  M )  

§ 

+ 

+ ~  
s<i<j 

fd r~ymr  ak+l) 

= ~ ( - : ) , + ~ , , ~ r  a , , . . . ,  a-,,..., a~+:) 

= ~ ( - 1 ) i + ' + k + l a ,  o (r a : , . . . ,  d i , . . . ,  aS , . . . ,  ak)) 
i<:$ 

+ ~ ( - 1 ) i + ' + k a ,  o r  a : , . . . ,  t f , , . . . ,  d i , . . . ,  ak+:) 
8<:i 

- ~-'~(-1)i+'+k+:r o ai, a : , . . . ,  < , . . . ,  aS , . . . ,  a~)) 
i ( s  

- ~ ( - 1 ) i + s + k r  o ai, a : , . . . ,  aS , . . . ,  di . . . .  , ak+1) 
s<i 

(-1)'+i+~r a l ,  . . . , a~,  . . . .  a r  [a~, a j ] ,  . . . , a S , . . . ,  a k  + ~ ) 
i<j<s 

Z: (-:)'+'+kr a , , . . . ,  a , , . . . ,  ~ , , . . . ,  aj_,, [~,, a , ] , . . . ,  ~+~) 
i < s < j  

( -1 )~+~+~+:  r  a : ,  . . . , d , ,  . . . , d~, . . . , a j - ~ ,  [a~, aj] ,  . . . , ak+ ,  ) 

--  Z ( - -  1 ) i + ' + k + i r  a : ,  . . . , d i ,  . . . , a s , . . . ,  ak )  ) o a i  
i<s 

- ~ ( -a )~+ '+~r  . . . .  ,ak+,) o a, 
s<i 

d t i ~ f  r  . . . , a~+ : ) 

= Z ( - - l ) i f r  d i , . . . ,  a i - 1 ,  [ai, a 2 ] , . . . ,  a k + l )  
i<j 

+ ~ ( - 1 ) ' [ f r  l 
i 

= ~ (-:)'+'+k+'r a , , . . . ,  aS,. . . ,  ~ , , . . . ,  aj_,, [~,, ~A,---,  ak+,) 
s<,<j 

+ E (-:)'+k+~r a , , . . . ,  ~ , , . . . ,  ~ s , . . . ,  ~j_,, [a,, aj l , . . . ,  a~+:) 
i<s<j 

858 



+(-1)'+~+kr ~j], ~ , . . . ,  a, , . . . ,  aj, . . . ,  ak+~) 

+ ~ (-1)i+k+'r ax, . . . ,  d i , . . . ,  aj-1, [ai, aj],. . . ,  d , , . . . ,  ak+l) 
i<j<s 

Jr- Z(--x)i-bsq-k[?~(as, a l , . . .  , a s , . . . ,  d i , . . . ,  ak+l), ai] 
s<i 

+ )--~. (-1) '+'+k+lfr a l , . . . ,  < , . . . ,  de , . . . ,  ak+x), ai]. 
i<8 

Thus, according to the right-symmetric identity, 

f~s~,nd2 = d,i~fd/, Vd2 E C~su,~(A, M), Vk > O. 

So, we have a short exact sequence of cochain complexes 

0 ---> E)~>0C~,~rm(A, M) ---> E)k>oC~,um(A,M ) --+ (gk>oC~,(A,M) ~ O. 

In particul, the long cohomological sequence 

[-I~ M ) -}  H~um(A, M ) --> H~i~(A, M ) -> . . .  

-} f t ~ ( A , M ) - - +  H~,u,n(A,M ) --} H~e(A,M ) -+ . . .  

is exact. The exactness of the beginning part 

0 --+ Z~,~,~(A,M) -+ Z~,(A,M) -~ I:I~ --~ H~,~,~(A,M) 

will be checked directly. It is clear that  duer = 0 if d, sumr = 0, r 6 C 1 (A, M). So, the natural homomorphism 

Z~,~,~(A, M) ~ Z~i,(A , M) is a monomorphism. Let 6r r 6 Z~i,(A, U),  give us a trivial class in/~~ M) = 

2~ i ) .  Then r 6 Z~,~(A, i ) ,  following from 6~b = d~,~,~b. Suppose that  a E 2~ M) is a 

coboundary in Z2sum(A, i ) ,  say a = dr,zm, w, for some w 6 Clrsma(A, M). Then d,,,~w(a,b) = a(a,b) = 

a(b, a) = d~ymw(b, a) for any a, b E A. This means that  dliew = O. 
The theorem is completely proved. [3 

T h e o r e m  3.6. 

defined by 

3.5. C u p  p r o d u c t  in  r i g h t - s y m m e t r i c  cohomolog i e s  

Assume that the cup product of A-modules U : M • N ---> S is given. Then the bilinear map 

* * + i  C*+I- r,~m,--,CA M) x Ch,(A, N) -+ C;,um(A , S), (r r ~-~ r U r 

('],k+l+l(A .qq ( r 1 6 2  ~ r 1 6 2  Ck+*- r*u,~,--,CA M) x C[i,(A, N) --~ -rsu,~ , - , - , ,  

E 
a 6 Symk+h 

o(1) < . . .  < oCk), 
a(k + 1) < - - .  < a(k + l) 

is also a cup product: 

Moreover', 

r u r al , . . . ,  ak+l) 

sgn a r a~(1), �9 �9 a~(k)) U r �9 �9 a~(k+t)). 

�9 + I  �9 (a U ~)Prsym(Z) = apr~,n(X) U fi + a U flPzi~(X), Va 6 C;sym(A, M), Vfl E Ctie(A, N). 

d,- .yr.(r U r  = d,-sy,n'g' U r - ( - 1 ) k ' r  U dtier 

C T M  (A M), r E C~i,(A, N), k, l > O. for any r E _~m~.. ,  

(~) 
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Proof .  By Theorem 3.4, 
F(~ U r = F(~) U r 

F(c~p,ie(X) ) = ( Fc~)p,,y.,(x), 

C TM (A M), r �9 C[i~(A, N),  x �9 A. for any ~ �9 C ~ ( A ,  C I ( A , M ) ) ,  c~ �9 _,,~,, , ,_, 

The cup product M x N ~ S, (m, n) ~-+ m U n, of A-modules extends a cup product of AUe-modules: 

C' (A ,  M )  u~ x N u~ ---r CI(A,  S) 'i~, 

(f,n)~ fUn, (fUn)(a)= f(a)Un. 
We check the correctness of this definition: 

((I  u =) o (~))(b) 

= d~u~( f  U n)(b, a) 

= b o ( ( f  u = ) (a ) )  - ( f  u =)(b o a) + ( ( f  u , , )(b))  o 

= b o ( f (a )  U n) - f ( b  o a) U n Jr ( f (b)  U n) o a 

= (b o f ( a ) )  U n - f ( b  o a) U n + ( f (b)  o a) U n + f (b )  U [n, a] 

= ( d . ~ , , f ( b ,  a)) u ,~ + Y(b) u [n, ~] 

= ( f  o ~)(b) u n + f ( b )  u [,~, ~1 

= ( ( /o  a) u ,~+  ( / u  [,~, al))(b). 

Thus, we have the cup product  of the Chevalley-Eilenberg cochain complexes [16]: 

1, x Cli,(A, N) ~ ~k+t(a CI(A,  S)) Ch,(A,  C (A, M))  x "-q,, t.-, 

{(,  u r  a~+,)}(~0) 

~g~ ~ { , ( ~ m , . - . ,  ~c~) )  u r  - �9 �9 ~ (~+ , ) ) } (a0) .  = E 
a E Symk+i, 

o(1) < . . .  < oCk), 
o(k  + 1) < . . .  < o (k  + 0 

We see that  the cup products for Chevalley-Eilenberg complexes and right-symmetric complexes are compat- 
ible. Namely, 

(Fr/) U r = F(77 U 4), (6) 

for any r / � 9  C~e (A, C 1 (A, M)), ~b �9 C~i~ (A, N). (For the definition of the isomorphism F :  C ~  (A, C 1 (A, M)) --+ 

C k+l (A M), see (2)). Since, according to [16], we have s y r n  x 

du~(rl U r = du~rl U r + (--1)kr/O du~r 

then according to (6), we have 
d,~m( ( Frl) U r = d, su,~F(rl U r 

= Fdu~(rl U qb) = F(duerl U r + (-1)krl U duer 

= Fdzierl U r + ( -1)kFr /U dtier 

= d,s~,~Frl U r + ( -1)kFr /U duer 

C T M  (A M ) , k  > 0, there exist ~ E Ck(A, C I ( A , M ) )  such that  !b = Frj. Hence, By Theorem 3.4, for any r E -~m-~- ,  

(5) is true. [] 
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Corol la ry  3.7. The cup product 

�9 ~.+1 (A S),  

induces a cup product of the cohomology spaces 

Proof .  

(r162 r 1 6 2  

k + l + l  --r0vmv-,Hk+l tA M) x H[,e(A, N) "+ U;,um (A, S), ([r [r ~,~ [r U r k > 0, l _> 0. 

. , + 1  (A s ) ,  (r [r [r u r l > 0. 

7,k+~+1(,~ S), k,l  > 0, -,o~,,~,-,Z k+l (A M) U Zfie(A, N)  C_ -,su,~ , - ,  - 

Bk~+~(A,M) U Z~ie(A,N) C_ B~+z~+I(A,S), k > O, l >_ O, 

Z~,+~(A,N) UB~i,(A,N) C_ B~+~X(A,S), k , l  >_ O. [] 

Note that for any module M of a right-symmetric algebra A and a trivial A-module/C there e:dsts a 
natural cup product: 

M x l C - - ~ M ,  (rn, A) ~ reX. 

So, we have a pairing of the cohomology spaces: 

H~.,t,,.,(A, M) x H~(A ,  IC) -+ H:,zr,,,(A , M).  

In particular, H*s~(A , M) has the natural structure of a module over Hl~e(A , IC). As it turned out, in some 

cases H'arm(A, M) is a free Hl*e(A,/C)-module. In Sec. 5, we will see that this is the case if A = gl~ s~'n. 

Denote by M an antisymmetric A-module obtained from M by fa = ra - l~, [a = 0. One can construct 
another cup product: 

/C x M -+/14, AUra  = Am. 

We use this cup product in the consideration of the fight-symmetric cohomology for A = W~ s~"n (Sec. 5). 

4. De fo rma t ions  o f  R i g h t - S y m m e t r i c  Algebras  

4.1. D e f o r m a t i o n  equa t ions  

..... We will follow the Gerstenhaber theory of deformations of algebras [14]. Let A be a right-symmetry 
algebra over a field K: of any characteristic p. Let tC((t)) be the field of fractions for the formal power series 
algebra K:[[x]]. We extend the main field/C until K:((t)) and construct on the vector space A | a new 
right-symmetric multiplication 

#t =/~o + t#l + t2#2 + . . . ,  

where  

#i e CTnn,~(A, U),  i = O, 1, 2 , . . . ,  and #o(a, b) = a o b. 

The right-symmetric condition for p~ in terms of #k can be regarded as the following deformation equa- 
tions: 

#1 e Z~nr,~(A, A), (DFR.1) 

k - 1  

#l  * ~k-t = -drs~m#k, (DFR.k) 
l= l  

k = 2 , 3 , . . . ,  

where 
( r  r b, c) = r r c)) - r162 b), c) - r r b)) + r162 c), b), 
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r r e C ~ , , , ( A ,  M)  

The right-symmetric deformations tit, and vt are said to be equivalent if there exists a map 

g t = g o + t g l + t g 2 + ' " ,  g k e C ~ y m ( A , A ) ,  k = 0 , 1 , 2  . . . .  , 

with the identity map go, such that 

g;I(#~(gt(a), gt(b))) = ut(a, b), Va, b 6 A. 

In particular, for the equivalent deformations #t, ut, one should have 

l J1 = # 1  "-[- drs~.ngl. 

In other words, the first deformation terms, the so-called local deformations, will define equivalent 2-right- 
symmetry cohomology classes [#1] = [ul]. 

Conversely, suppose that there is given a 2-cocycle of a right-symmetric algebra with coefficients in the 

regular module, r 6 Z~s~rm(A, A), with a cohomology class [42] 6 H~,zr~(A, A). One can take #1 := r :,nd 

try to construct #k that satisfy deformation equations. Obviously, (DFR.1) is true. We will say that a local 
deformation #1 = 42 can be extended to a global deformation until k- th term, if there exist #2, . -- ,  #k, such 
that equations (DFR.k) are true. If this is the case for any k > 0 ,  we will say that a local deformation #1 can 
be eztended to a global deformation #~ or, equivalently, that ta is a global deformation or an extension of #1. 
Set 

k - 1  

o b ~ ( r  = ~ ~,, ~ _ , .  
1----1 

Note that the definition of Obsk(42) depends not only on r but also on the first k - 1 terms of the deformation. 

4.2. T h i r d  cohomolog ies  as o b s t r u c t i o n s  

P r o p o s i t i o n  4.1. Suppose that a local deformation ttl -= 42 can be extended to a global deformation to the 
3 (k - 1)th term. Then, Obsk(42) 6 ZJr,v,~(A,A) and an extension o.[#1 to the k th  term is possible i f  and only 

if [Obs~(r = O. 

Proof :  For a 6 

Ck+l+2(A, A) by 

Then, 

and 

C k + I ( A , A ) , $  6 CI+I(A,A) ,  define multiplications a .  ~ 6 Ck+Z+l(A,A), a ~ ~ 6 

* Z(a l , . . . ,  ak§ 
k + l  

= ~ ( - 1 ) C ' + ' ) ' ~ ( a l , . . . ,  a,_l, f~(a,+~,... ,  ~,+,), ~+~+1,---, a~+,+~). 
s = l  

~ Z(a l , . . . ,  ~k+,+~) 

= ~(~1,- . . ,  a~+l) o ~(a~+2,.- . ,  a~+,+2). 

r  r = 42 * r - 42 �9 r  42, dp 6 C2(A, A),  

d,,~Obs~(r a,, a~, a3) 

= ~_, ~ sgnad~s~(#l * #~)(ao, a~(1),a~c:),a~(3)) 
l+s=k,l>O,s>O qESyrn3 

where dass stands for the Hochschild coboundary operator as in associative algebras. By [15], w 7, Theorem 3, 

d~s~a , j3 =- a . d=.13 - d . ~ a  * j3 - a ~ 1 3  + ~3 "~ v~, a, j3 E C2(A ,A) .  
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Note that 
= 

l+s=k,l>O,~>O 

Hence, according to conditions (DFR./), I < k, 

I 

l+s-k,l>O,a>O l+s-k,l>O,s>O 

d..~mObs~, (r a~, a2, a j  

where 

We have 

l + s=k,l>O,s >O aE Sym3 

= ~ ~ ~g~o~, ,~ , ,~ , (~o ,~ ( , ) ,a~ (~ ) ,~ (~ ) )  
l+s=k,l>O,s>O aESyma 

- sgn a d ~ . # t  * # .  (ao, a~o), aa(2), a~(3)) 

l + s=k,l>O,s >O aE S~n3 

- sgn a I~z (ao, d~,,#, (a~(z), a~(2), aa(3))) 

- s g n  a d ~ # z  (#.  (ao, a~,(z) ), a.(2), a~(3)) 

-I-,3glz 6 r da.a#t(ao, /~.(aa(i), aa(2)), aa(3)) 

- s g n  a d~..#~(ao, a~,(z), #. (a,.(2), a~(3))) 

= E 
l + s=k, l> O,a > O 

{/~,(d~nrm#, (ao , al, as), a~) -/~l(dr,~/~, (ao, al, a.J, a2) + # l (~m/~,  (ao, a~, a3), a j  

-IJ~(ao, drs~,d~o(az, a2, aa) ) + #t(ao, d.,.,~,,~l~,(a2, a,, a3) ) - #t(ao, d,.nr,~#,(a3, az, as)) 

-~ .~ . , (# . (~o, , , , ) ,  ~ ,  ~ )  + ~..,.,,~,,(#o(~, a~), ~,, a~) - ~..,..#,(#.(~o, ~) ,  a,, ~ )  

+,~...~#,(~, ~,,(a,, as), a~) - ~ ,~ ,~ , , (~ ,  ~,,(a~., ~,), ~ )  

-~.,~.,#,(ao, ~ , ( ~ ,  ~ ) ,  a~_) + d~,~#,( .~,  ~,.(a~, ~ ) ,  ~ )  

+ ~ . , ~ , , ( ~ ,  ~,,(~, ~ ) ,  ~,) - d~,~,~ (~ ,  ~,,(a~, ~ ) ,  ~,)} 

=& +S2, 

s,= E E 
l+s=k,l>O,3>O ~I +82=s,sl,s2>0 

{-~,, (#., * ~.~ (~o, ~ ,  a~), ~ )  + ~, 0'., * #.~ ("~, ~',, ~) ,  ~ )  - ~', (~., * ~.~ (~o,~, ~) ,  a,) 

+#,  (ao, ~ , , , .  ~,,, C~1, a~, a~)) - #, (~o, ~,,, * ~,,, C~-, a,, a.,)) + ~ (ao, ~,,, * ~,,, C~3, ~,, a~))}, 

s,_ --- E E 
~Jl-S=]r ~1 +~2=]~Z1,12>0 

-# , ,  * ~,2(ao, # . ( ~ ,  ~ ) ,  a~) + # .  * #,2(~o, i , . (~ ,  a,), a~) 

+#,, * #,=(~o, F'.(~, ~ ) ,  ~ )  - #,, * #,~(~o, I,.(~3, ~,), ~ )  

-~ , ,  * ~,~ (~o, ~, (~ ,  a~); a,) + ~,, * ~,~ (~o, ~, (~ ,  ~ ) ,  ~1)}. 

|+s=k,l>O,s>O st+s2ms,sz >O,s2>O 
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and 

854 

{- -~ ' (~s l  * ~s2(ao, al,a2),aa)+~l(~sl *Ps2(ao,al,a3),a2)--~t(~s~ *~s2(ao, a2, a3),al) 

+, , (~o , , . ,  * . . ( ~ , ~ : , ~ ) )  - , , ( ~ o , , ~ ,  * , . ( ~ : , ~ , ~ ) ) + , , ( a o , , ~ , .  , . ( a~ ,~ , ,~ ) )  

+,~(,~, * , . ( ~ o , ~ : , ~ , ) , ~ 3 ) - , , ( , . ,  * , . ( ~ o , ~ , a , ) , ~ 2 ) + , ~ ( , . ,  . , . ( a o , ~ , ~ ) , ~ )  

- , , ( ~ o , , . ,  * , . ( ~ , ~ , ~ ) ) + , ~ ( ~ o , . ~ ,  * , . 2 ( a : , a ~ , ~ ) )  - , ~ ( ~ o , , ~ ,  * , . ( ~ 3 , ~ , ~ ) ) }  

l+s~+s~=k,l>O,sz>O,s2>O a~Sym3 

E Y. 
l~-a=k,|>O,a>O 11+12=1,11>0,12>0 

{#h *#h(P,(ao, al),a2,aa)--#h *Ph(#,(ao, a2),al,a3)+Ph *Ph(~,(ao, a3),al,a2) 

- . , ,  * .,2 (~o, , . ( ~ : ,  ~ ) ,  a,)  + , , ,  * ,,2(~o, . . ( ~ ,  ~:), .~) 

- , , ,  * ,,2 ( , .  (ao, ~1), a~, ~2) + . .  * .,~ (.~ (~o, a~), ~ ,  ~1) - , , ,  �9 ,,2 ( , .  (~o, ~3), ~:, ~ )  

+ ,,~ * ~,,2 (~o. ~ .  ~.(~1. ~ ) )  - ,,~ * ,,~(~o. ~ .  , . (~2,  ~)) 

- , .  * ,,2(~o. ~.,.(~1. ~)) + , .  * ,,~(~o, o ~ . , . ( ~ .  ~.)) 

+ . .  * .,2 (~o, a,, ..(~2, ~) )  - . .  * .,~ (~,  a,, . . ( ~ ,  ~2))} 

= ~ s g n ~ ( , , .  * # , 2 ) .  ,~(~o, a~(~), a~(2), a~(3)). 
ll+12+a=k,ll>O,12>O,$>O 

Let a,/3, 7 E C2(A, A). Then, 

{a �9 (~ �9 7) - (a * fl) * ?}(a,  b, c, d) 

= ot(~ �9 "7(a, b, c), d) + or(a, f~ �9 7(b, c, d)) 

-(~ * ~(7(a,  b), c, d) + (~ �9 ~(a,  7(b, c), d) - a �9 f~(a, b, 7(c, d)) 

= o~(~(?(a, b), c), d) - a(~(a,  7(b, c)), d) 

+ ~(a,  f~(~(b, c), d)) - or(a, ~(b, "7(c, d))) 

- a(f l(7(a,  b), c), d) +a('7(a, b), ~(c, d)) 

+ c~(~(a, 7(b, c)), d) - c~(a, ~('7(b, c), d)) 

- a ( ~ ( a ,  b), 7(c, d)) + ~(a, f~(b, 7(c, d))) = 

-c~(~(a, b), ~/(c, d)) + ~(7(a, b), f~(c, d)). 



So, for any a , /3 ,7  E C~(A,A) ,  we have 

~* (/~* ~ + ~* ~) - ( ~ * ~ )  * 7 -  (~*~) * ~ =  0 

For these reasons, 

$1 = 
Sl +S2+sa=k,Sl >0,82>0,$a>0 ~ESyrn 3 

= - ~ sgn a (#h * #z2) * #h(ao, a~(1), a~(~), ha(3)) = -$2 .  
11+12+13=k,11>0,12>0,13>0 

So, we prove that  ~ , , , O b s k ( r  = 0 if d~,u,~Obsl(r ) = O, for any 0 < 1 < k. [] 

C o r o l l a r y  4.2. I f  H~,~rn(A , A) = O, then any local deformation can be extended. 

4.3. S t e e n r o d  s q u a r e s  

Let char k = p > 0, In this subsection, we recall Gerstenhaber's construction [14] of a homomorphism 
with regard to right-symmetric algebras: 

Sq : Z ~ , ~ ( A , A )  --~ Z~n~,~(A,A), D ~+ SqD. 

For any derivation D E Z~nf,n(A, A), its p th  power D p is also a derivation, D p E Z ~ m ( A ,  A). The proof 

is based on the following property of binomial coefficients: an integer (P) is divisible by p, if 0 < a < p. Then, 

D ~ ( a  o b) - D ~ ( a )  o b - ~ o D ~ ( b )  

p-1 (p)  
= ~ Di(a) o DP-i(b) - O(modp). 

i=l  

particular, we can consider integers ~ ,  0 < i < p, modulo p and introduce a 2-cocycle SqD with coefficients In 

in the regular module: 
p--1 

Sq O(a, b) = ~ 9 ' (a )  o DP-i(b)/i!(p - i)!. 
l=l  

This cocycle is called a Steenrod square of derivation D and can be interpreterd as an obstruction to the 
extension of a derivation to an automorphism. 

5. C a l c u l a t i o n s  

5.1. S t a n d a r d  2 -cocyc les  o f  r i g h t - s y m m e t r i c  a l g e b r a s  

In this subsection, we will give the second interpretation of the identity d3,.,r,,,m = 0, m E M, mentioned 

in See. 3.2. 

P r o p o s i t i o n  5.1. (i) Let !~I be a module over a right-symmetric algebra A and M its submodule. Suppose 

that for Th E i~l, 
(rh, a,b) E M, Va, b E A. 

Then the 2-cochain r E C2(A, M)  defined by 

r  b) = Cn o (hob)  - ((n o a) o b 

is a symmetric 2-cocycle, r E 2:(A, M). 
I f  7h o a E M, Va E A, then [r = [r where 

r b) = a o (rh o b). 
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Note that  if we use the notat ion of Sec. 3.3, r = V(Th). 

P r o o f .  
r  = ( m , a , b )  = (m ,b ,~ )  = r  

drswnr b, c) 

= ao ((n,b,c) - ao ((n,c,b) - ((n, aob, c) + ((n, aoc,  b) + ((n,a,[b,c]) - ( ( n , a , b ) o c +  (hz, a , c ) o b  

-((n,  a ob, c) q- ((n,a, bo c) - ( (n ,a ,b)  o c  

+ ( ( n , ~  o ~,b) - ( (n ,~ ,~  o b) + ((n, ~, ~) o b  

= (n o (a, b, c) - ((n o ~, b, ~) 

- ( n o  (~, c, b) + ((n o ~ ,c ,b )  = 0. 

If rh o a E M, then we can introduce a linear map  w : A -+ M, a ~-~ (n o a. We obtain 

era(a, b) + dr,w~w(a, b) 

= r  b) - ~ ( ~  o b) + ~ (~ )  o b + a o ~(b) 

= r  b) - ( no  (aob) + (~  oa) ob+  ao ((nob) 

= a o  ( (nob) .  

In other words, r  = r § d~sw~w. El 

5 . 2 .  S e m i - c e n t e r  a n d  d e r i v a t i o n s  o f  W~ sw~ 

Suppose tha t  A is an algebra with multiplications (a, b) ~-~ a o b and (a, b) ~-+ a �9 b such that  the following 

conditions hold: 
a o  (bo c) - ( a o b )  o c -  a o  (cob)  + ( a o c )  ob  = O, (7) 

�9 (b �9 c)  - b �9 (~  �9 ~) = 0 ,  ( s )  

o (b �9 ~) - b �9 (~  o c)  = 0,  (9)  

( a , b - b . a - a o b - b o a )  *c=O,  (10) 

(~ o b -  bo  ~) , ~ + ~ ,  ( c o b )  - ( a ,  c ) o  b - b ,  ( ~ o ~ )  + ( b , c )  o ~  = 0. ( l l )  

In particular, A is a r ight-symmetric  algebra. 
Let Zl(A) be the left center of A, QI(A) is the space of left units, and NI(A) = Zz(A) (9 Qt(A) is the left 

semi-center. 

T h e o r e m  5.2.  For A = W~ sw~ if p = O, or A = W,,(m) i ] p >  O, 

Z,(A) = ( 0 , :  i = 1 , . . . ,  n )  (9 5(p > 0 ) { ~  k'-I : 0 < k, < m,, i = 1 , . . . ,  n} '~ ]C '~ (9 5(p > O)IC m-' ,  

Qt(A) = {e = ( l / n )  ~ x,O,} ~- E, 
i = 1  

Zr ) = {adO~,adxiOj,5(p > o ) ~  k' : i , j ,=  1 , . . .  , n , 0  < ki < mi} 

~- PC" �9 gl,, (9 5(p > o) t :" -" .  
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P r o o f .  Any derivation of the r ight-symmetric  algebra A induces a derivation of the Lie algebra A t~ : 

d~ym(a,b) = O, Va, b,c E A =~ dtief(a,b) = d~umf(a ,b)  - d~,um(b,a ) = O, Va, b,c E A. 

The corresponding homomorphism Z~s~,n(A, A)  --+ Z~e(A , A)  is a monomorphism. It  is known that  all Lie 

derivations of W,, are inner, i.e., have the form aduOi, where u E U, i = 1 , . . . ,  n. In the case of W~(m), p > O, 

we also have outer  derivations c~i ki, 0 < ki < rni, i = 1 , . . . ,  mi. Since 

ada(b o c) - ad  a(b) o c - b o a d a ( c )  

= a o (bo  c) - ( b o c ) o a -  (a o h )  o c +  ( b o a )  o c -  b o  ( a o c )  + b o  ( c o  a) 

= a o  ( h o e )  - ( a o b )  o e ,  

the Lie derivation ad a : b ~ [a, b] := a o b - b o a is a r ight-symmetric derivation if and only if 

a E A t'ass. 

It is easy to verify tha t  

~o, o ( ,o j  o w o s )  - (~a ,  o ~oj )  o woo = a j o , ( ~ ) v w a , .  

Therefore, 

A t'as" = {uOi : OjOs(u) = O, Vi, j = 1 , . . . , n }  = {Oi, x i0 i :  i , j  = 1 , . . .  ,n} .  

In the case p > O, direct calculations show tha t  %~-' E Z~,~,,(A, A).  Other  s ta tements  of the theorem are 

obvious. 

5.3. Pairing of W~Sr"~-modules and cocycle c o n s t r u c t i o n s  

T h e o r e m  5.3. Let A = Wn, p = O, or A = W~(m) ,p  > 3. The space Hz~s~.,(A,A),p = O, has a basis 

.I,1 .i,2 .i.a .h4 s , l , r  = 1,. n, such that consisting of cocycle classes of four  types, ws,t,r, wt,r, ~" s,t, wt , . . ,  

csl/.rCu0i, ?30j) = ~j.rXrl(~i.,~?30! -- :r.s~Cu)?lOi) , 

r , o j )  = (~,,,~oj(~)ot - ~,o,(~)Oj(v)O,),  

In the case p > 3, the space H2rsvm(A, A) has a basis whose elements are the cohomological classes of the 

following cocycles of the five types to follow: 

~)l ,,r (~O,, VOj ) = ~,TX~fTl~r--l ( ~i , ,~Ot -- X.dlOt(~-L)~)Oi ), 

~b2kl,r(UOi, VOj) -~- ~j,rXr pmr-lO~/" (U)'/)(~i,' 

Ch, (u0,, ~0j) = ~ '  (~)0j(~)0,, 

Ch,  = Sq ~', 
where s, l, r = 1 , . . . ,  n, 0 < kl < mr. 
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The proof is based on the following observations. 
Suppose that an A-module M preserves the action of Nz(A): 

z o m = O ,  V z � 9  e o m = m ,  Ve �9  

for any m �9 M. We define an operator 

Cr TM ~ A M~ k 

i0(a)r  ~ )  = r ~ , . . . ,  a~), 
and an operator 

Then 

k k + l  T:  C;,~(A,  A) --+ C~,~m(A , A), 
k 

Tr ~ , . . . ,  ~ )  = Z ( - 1 1 ' + %  * r ~ , . . . ,  a,, . . . ,  a~). 
i = l  

zk+~ cA A), and for any a �9 NI(A),r  �9 -rnr,~,-,  

Td,~ym = d,~,~T, 

k i0(a)r �9 Z~,~(A, A,,t,). 

We define a pairing of the regular A-module A and an antisymmetric A-module U: 

A x U ~ A, uOi U v = uvO~. 

Note that 
A , , ,  ~- U | ZI(A). 

In particular, we have the pairing 

A x A~,t~ -~ A, uOi U vOj = uvO~. 

Therefore, we have the imbedding 

Z~,~.m(A,A ) x H~,(A,U) --~ H~+~(A,A). 

Note that four types of the cocycles mentioned above can be obtained from Z~,~(A, A) (see Sec. 5.2) 

and H~(A, U) by pairing r U r r �9 Z~,~(A, A), r �9 H~(A, V). Recall that H~(A, U) can be generated 

by the classes of cocycles uOi ~-+ ux{l~i,, and uOi ~-~ Oi(u). 
Another interpretation of cocycles of types 1 and 2 can be given in terms of standard cocycles (see 

Sec. 5.1). For simplicity, we consider only the case p = 0. We have 

r  = d~,~,fo~ ~,,r(~0,) = l~O~(~ )0 , ,  

and 

Therefore, 

V(x, In xrOt)(uOi, vOj) = OiOj(x~ In x~)uv, 

V(ln x~Ot ) (uO~, vOj ) = -~,,r6j,~uvOt. 

[r = Iv (~, In x~o,)], 

[r = [V(lnx~O~)l, 

: rtrayrn'.'l for 1 1 ff 31s,l,r V ( Z s l n X r O l )  -- ~ ~'s,l,r, ~3s,l,r �9 Crsym(Wn,  Wn) ,  03l,l,r(UOi) = (~i,rXr IzsuOI' 

r V(ln XrOl) drSymw~r, for w ~ 1 = - ,,r e C ; , ~ m ( W , ,  W , ) ,  ~,r(uO~) = ~, ,r~;'ua~. 

since 
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T h e o r e m  5.4. Let A W~ ~y'' if  p -- O, and A W l ( m )  if p > 3. Then = = Hr,~m(A, A) has dimension 4 if 
�9 p = O, and cohomological classes of the following cocycles constitute a basis: 

~)I(uO, VO) : z - - luvo ,  

r vO) = x-~O(u)vO, 

r ?30) = (u - xO(u) )O(v)o, 

r  ?30) = o(~)0(73)o.  

(Recall that 0 = 0~, for  n = 1.) 

For A = W l ( m ) , p  > 3, the group H2,~r,n(A, A) is (3m + 2)-dimensional and the classes of the following 

cocycles form a basis: 
~31(U0, ?30) ---- xPm--lu?30, 

r  = ~ , ' - l a ~ ( ~ ) ~ o ,  0 < k < m,  

r  v0)  = (~ - ~ o ( u ) ) 0 ( v ) 0 ,  

r  ?30) = ~ ' ( ~ ) O ( v ) 0 ,  0 < k < m.  

p--1 
S q D  : (a,b) ~-~ ~ Di(a) o i y ' - i (b ) / ( i ]O - i)!), D = 0 ~ , 0  < k < m. 

i=l 

Cocycles of types 1 and 2 are also Novikov cocycles. A local deformation r 4 = ~i=1 t i c  i, P = O, can be extended 
if and only if tlt3 = O, t2t4 = O. 

5.4. Right-symmetric central extensions of Novikov algebras 

Let A be a Novikov algebra, R e D e r o A  := {D E Der  A : aoR(b)  = boR(a) ,  Va, b E A}, and 7r : A -+ K: 
a linear map such tha t  

2 Define r E C;~, , (A ,  IC) by 

-2 L e m m a  5.5. z0 e Z~,~,~(A, 1C). 

~r(R(a)) = O, Va e A. 

~(~,  b) = ~ (~  o R(b)) .  

P r o o f .  Since a o R(b) = b o R(a) ,  it follows tha t  

a(a,  b) = a(b, ~). 

We have 
~,~,,,O(a, b, c) 

= ~ ( -  (~ o b) o R(~) + (a o c) o R(b) + a  o Rib, ~]) 

= - ( a  o R(c) )  o b - a o [b, R(c)] 

+ ( a  o R(b))  o c + a[c, R(b)] + a o Rib, of) 

= ~ ( - ( a  o R(c))  o b + (a o R(b)) o ~) 
= ~ ( - R ( ( a  o c) o b) + (R(a)  o ~) o b + (a o c) o n(b)  

+ ( a  o R(b)) o c) 

= ~ ( ( R ( a )  o c) o b + b o n ( a  o c) + (a o R(b))  o c) 
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= ~ ( (R(a )  o c) o b + b o (R(a) o c) + b o (a o R(c))  + (a o R(b)) o c) 

= 7r((R(a) o c) o b + R(a)  o (b o c) + a o (b o R(c))  +(a  o R(b)) o c) 

= 7r((R(a) o c) o b + R(a  o (b o c)) - a o (n(b)  o c) + (a o R(b)) o c) 

= ~ ( ( n ( a )  o ~) o b - a  o (c o n(b))  + (a o c) o n(b))  

= ~ ( - a  o (c o R(b)) + n ( ( a  o c) o b )  (a o R(~))  o b) 

= r ( - a  o (c o R(b))  - (a o n (c ) )  o b) 

= ~ ( - R ( a  o (~ o b)) + R ( a )  o (~ o b) + a o (R(~)  o b) - (a o R(~))  o b) 

= ~ ( R ( a )  o (~ o b) + a o (b o R(~))  - (,, o b) o R(~))  

= r ( c  o (R(a)  o b) + a o (c o R(b))  - (a o b) o R(c))  

= ~(~ o ( R ( a )  o b) + ~ o (a o R(b ) )  - (,, o b) o R(~))  

= ,~(c o R ( a  o b) - (a o b) o R(c ) )  = O. 

- 2  So, O E Zrs~m(A,K.). [] 

In particular, the algebras 

A = t~rr,zr~,, 1 = {e i  : ei o ej  = ( i  + 1)e i+j ,  i, j e Z } ,  p = 0, 

( i + j + l )  
A = W [ S ~ r m ( m ) = { e i : e i o e j  = . el+j, - - l  < _ i , j < _ p m - - 1 } , p > O ,  

2 

have right-symmetric 2-cocycles with coefficients in the trivial A-module K:. Let us prove that  the cohomo- 
logical class of the cocycle t9 in both cases is not trivial. If 0 = d~,u,~w, w E CI(N,K:),  then 

0(ei ,e j)  = - ( j  + 1)j6i+j,_x, i fp  = 0, 

zg(ei, ej) = --(--1)i~i+j,p,~_l, i fp  > 0, 

drs~,,w(ei, ej) = - ( i  + 1)w(ei+~), i fp  = 0, 

d,,v,,,w(ei, ej) = - ( i  + j + i fp  > 0. 

In the case p = 0 we have a contradiction: 

- 2  = ~ (e -2 ,  e , )  = d . ~ ( e _ 2 ,  el)  = - ~ ( e - 1 ) ,  

- 6  = e(e_~,  e~) = d . ~ ( e _ ~ ,  e , )  = - 2 ~ ( e _ x ) .  

Since, drsymW(ei, %m_i_l) = 0, we also obtain a contradiction even i f p  > 0. 

I,t / ' rsY rn  T h e o r e m  5.6. Let A ,,1 i f  p 0 and A = W l ( m )  i f  p > O. Then the second right-symmetric  

cohomology space 2 H~,~m(A , K.) has dimension 1 and is spanned by the class of the cocycle: 

,~(e,, ej)  - ( j  + 1 ) j~ ,+ j , - l ,  i f  p = o, 

= - ( - 1 )  ~+j.p,--1, if p > O. zg(ei, ej) i 

I f  A is considered as a Novikov algebra, then any Novikov central extension is split: H~o~(W~ , E)  = O. 
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Recall that the Novikov cohomology is defined in [1]. 

P roof .  For u �9 U = K:[[x+I]] let 7r(u) be the coefficient of x -x. Then 7r(cg(u)) = 0, 

ei = x i+l, i �9 Z, and the multiplication in N is given by a o b = O(a)b, a, b �9 U. 

We prove that there is an isomorphism of Alia-modules: 

A bilinear map 

Vu �9 U. Recall that 

CI(A ,  IC) '~ U1. (12) 

( ' ) : U 0 X U l ~ ~ ' ( ~ } ~ ) I ~ [ ( ~ " V ) ' 

is compatible with the action of A tie : 

= o a ) -  v - u .  ( v  o a )  - o v ) )  

= = 0 ,  

So, we have a pairing of At/~-modules ( , ) : Uo • Ux --~ K:. This pairing is for all a E A , u  E Uo, v E U1. 

nondegenerate. Thus, the dual At/'-module of Uois U1. Since 

( f  o a)(b) = d,.,~,.,J(b, a) = - f ( b  o a), f E CI (N ,  k), a, b E N,  

we see that the Alia-module CI(A, K:) is isomorphic to the dual of Uo. This completes the proof of (12). 
By Theorem 3.4, 

H i  " g~i g ,  oX N 1 = (W, gl) ~..,(A, E) "~ ,(  (A, 1~)) Hti e , . 

Hii~(W1, U1) is 1-dimensional and is spanned by the By the results of Gelfand and Fuks [11], the space 1 

class of a cocycle a ~-~ 02(a). An analogous statement is also true in the case p > 0 [7]. The respective 
right-symmetric cocycle is the cocycle ~. 

If r : A • A -+ K: is a cocycle for a central extension in the category of Novikov algebras, then 

r boc)  r a o c ) = O ,  Ya, b, c e A .  

The algebra A = W~ ~' has an element eo that has the property eoo c = c for any c E A. Take a := e0. We 
have 

r b o c) = r e0 o c) = r c), Vb, c E A. 

Therefore, for o., �9 C~,,,,(A, E) = CI(A,  IC), such that w(a) = - r  a), we have 

r c) = - w ( b  o c) = d,,,,,w(b, c). 

Recall that dn~r  = drightq~ for any r �9 CI(A,K:). So, any 2-cocycle of W~ '~' (in the sense of Novikov) with 

coefficients in the trivial module is a coboundary. [] 

5.5. Cohomology of  W~ s ~  in an a n t i s y m m e t r i c  m o d u l e  

Recall that a multiplication in W~ *y'~ is given by aOi obOj = bOj(a)Oi, where a, b e U =/C[[x• x+l]]. 

We endow U with the structure of an antisymmetric W~'~-module:  u o aOi = aOi(u). 
Let f~,~ = {u dxl  A . . .  A dx,~ : u E U} be an antisymmetric W~'Um-module of n-dimensional differential 

forms: 
(u dxx A . . .  dx,~) o aO, = ai(au) dXl A . . .  A dx,,. 

Let M be a W#SYm-module. We construct a cup product of W#'~"~-modules: 

U x f~n | M - +  iVI, ( u U v d x l  A . . .  Adxn  |  = Tr(uv)rn, (13) 
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where 7r(u) for u E U denotes a coefficient of u at x~ -1 . . .  x~ 1. 

.corresponding to M, such that f~ = r~ - l~, [~ = 0. Note that 

Therefore, 

Recall that h5/is an antisymmetric A-module 

~r(der,(u)) = O, Vu E U,i  = 1 , . . . , n .  

(u o aOi) U (v dXl A . . .  dxn | m)  + u U [v dxl A . . .  dxn | m, aOi] 

= aOi(u) U (vdx l  A . . . A  dx,, |  + u  U (Oi(av) dxl A . . . A  dxn | m)  

+u U v dXl A . . . A d z ,  | [m, aOi] 

= ~(ao,(~)~ + ~o,(a~)) m + ~(~v) [m, aO,] 

= ~ ( 0 , ( ~ ) )  + ~ ( ~ )  [m, a0,] 

= (u U v dxl  A . . .  A dxn) | [m, aOi] 

= (u U v dXl A . . .  A dx,, | m)  o aOi. 

and the definition of the cup product (13) is correct. 

T h e o r e m  5.7. Let M be an antisymmetric W~'Um-module. The cup product of W,~'~"-modules (13) induces 
an isomorphism 

H k+l t W  M ) ' ~  1 k 9t,~ �9 v ~ v ' , , ,  = Zr U) | Hhe(W, ,  | M) ,  k > O. 

Then we have an isomorphism 

z ~ , ~ ( w . ,  u )  1 ~ ~- Br ,um(W,  , v )  = {dxi:  i = 1 , . . . , n }  = A'. 

P roof .  We will argue as in the previous subsection. For a Wn-module M, its dual module is denoted by M'.  

Consider A 1 = { d X l , . . . ,  dx,} as a trivial module over the Lie algebra W,. Endow U | A I with the structure 

of a W,-module using the natural W,,-module structure on U = K:[[Xl,..., x,,]] and the trivial Wn-module 

structure on AI: 
(~ | d~,)bOj = bO~(~) | d~,. 

It is easy to see that 

since for any f E CI(W,~, IC), 

C l(W.,/C) ~ A 1 | U', 

[l, ao,](boj) = ( f  o ao,)(boj) = -I(ao,(b)oA. 

The bilinear map (13) is nondegenerate and gives a pairing of modules over a Lie algebra W,,. So, 

U' ~ f~n- 

Therefore, there exists an isomorphism of W,-modules: 

CX(W,~,K:) ~ A~| C ~ ( W , , , M )  ~ A ~ | 1 7 4  

and by Theorem 3.4 
Hrk+x tTxr M)  " ~  A 1 k n ,u,~'" '~' = | H h , ( W " '  f~ | M) ,  k > O. 

Coro l l a ry  5.8. r4k+l ( w  1C) "~ A x k - - r ,u ,~ ,"" ,  = | H i , . ( W . ,  f~"), k > O. 

Recall that Ht]e(Wn , fl*) is determined by Gelfand and Fuks [11]. 

O 
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5.6. C o h o m o l o g y  of  gl~ ~um in an  a n t i s y m m e t r i c  m o d u l e  

r a y m  T h e o r e m  5.9. Let A = gl,~ , char k = O. Let M be a finite-dimensional A-module such that, as an A tie- 
module, M is a tensor module. Then the cup product M • IC ---r M, m t_J A = Am, induces an isomorphism 

H r  ~- Z~,~m(A,M ) | H~e(A, IC), k > O. 

Proof .  By Theorem 3.4, 

H k+l (.4 M )  ~- Hp~(A, C I ( A , M ) ) ,  k > O. 

By Theorem 2.1.2 of [11], 

k , ~  k H~,,(A, C I ( A , M ) )  = H~,,(A, IC) @ C * ( A , M )  A'" 

It remains to note that  

C l ( A , M )  A"" := { f  6 C ~ ( A , M )  : If, a] = 0 ,  Va 6 A }  

is exactly Z) , vm(A ,M) .  This is obvious: 

[f, a](b) = ( f  o a)(b) = dr,u,nf(b, a), Va, b 6 A. [] 

Coro l la ry  5.10. Let A = gl[~ ~u'~ and M be an irreducible antisymmetric A-module. Then k H ~ , ~ ( A ,  M )  # 
O, k >>_ O, if and only i f  M = A and 

k + l  ~* k H;i~(gl., > S;.m,,(gl,,, (gl,,).mi) = 1C), k _ O. 

In particular, k H~,um(gl,, E)  = O, k > O. 

Proof .  Since M is antisymmetric, 

Z~l, vm(A, M )  = { f :  A --+ M :  f ( b  o a) = f (b)  o a}. 

1 Thus, any f 6 Z~,y,~(A, M) gives us a homomorphism of right modules f : A -~ M. Since right modules M 

and A are irreducible, by Schur's lemma Z~I,r,,~(A, M )  ~ IC if M ~ A, and Z~I,1t,~ (A, M) = 0 if M 7 A. [] 

5.7. C o h o m o l o g y  of  gl~ ~u'~ in a r egu la r  m o d u l e  

T h e o r e m  5.11. Let A = gl~ ~rm over a field IC of characteristic 0 and M = A be its regular module. Then 
the cup product M x ~ ~ M,  m U A = Am, induces an isomorphism 

k + l  ,-~ k H;,~r~(A, M )  1 "~ = Z~.~r..(A, A) | g ;~(g l . ,  IQ, Z~o~,~(A, A) = sl . ,  k > O. 

In particular, any cocycle class in k+l H~r,vm(gl..gln) has a representative that can be written as ad X U r where 

Proof .  Any right-symmetric 1-cocycle of an associative algebra A is also an associative 1-cocycle and con- 
versely, any associative 1-cocycle is a right-symmetric 1-cocycle. So, Z~,r,~(gl,,,gl,~ ) ~- Z~,(gl , ,g l , , ) .  Any 

derivation of the associative algebra gl,  is a derivation of the Lie algebra of gl, .  Any derivation of gl~ e, except 
a ~ tr a, is inner. So, the following sequence is exact: 

1 

In particular, 

Z~,vm(gl. .gl .  ) = { a d X  : X 6 sly} ~- Z~i~(sl~,sl,~ ) ~- sly. 

[] It remains to use Theorem 3.4. 
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Coro l la ry  5.12. An algebra gln as a right-symmetric algebra has nontrivial deformations. Any right- 
.symmetric local deformation (2-cocycle of the regular module) is equivalent to a 2-coeycle rTx of the form 

~x (,,, b) = (tr b)[X, ~], 

for some X E sl,,. Any local right-symmetric deformation can be extended. Any formal right-symmetric 
deformation of gln is equivalent to a deformation of the form 

I~,(a,b) = a o b + t ( t r b ) [ X , a ] ,  X E sl,~, 

where (a, b) ~ a o b is the usual associative multiplication of matrices. 

Proof .  These statements can be obtained from the following cohomological facts: 

and Corollary 4.2. 

R e m a r k .  

H~.u,~(gl,,,gl,~ ) ~ Z~igh,(gl,,,gl,, ) | H~i.(gl,~,lC ) ~- { a d X  U t r  : X e sl,,}, 

H3.y.,(gl,,,gl,,) = O, 

[] 

For w E CX(gln, gln), w(a) = ( tra)X,  we have 

(,7 + d . ~ ) ( , ~ ,  b) = ( tr  b)[X, ~] + ( tr  b)~ o X - ( tr  a o b ) X  + (tr  ~ ) X  o b = f /x(" ,  b), 

where 
f /x (~ ,  b) = ( tr  b ) X  o ~ - ( t r  a o b ) X  + ( t r  ~ ) X  o b. 

Therefore, [Ox] ~ [r/x]- Note that  f/x is a symmetric cocycle: 

f/(a, b) = f/(b, a). 

The extension formula for f/x is a little bit complicated. It can be given by 

~(a ,  b) = ~ l ( ~ , ( ~ , ( a ) ,  ~,(b))), 

where 
~bt = id + tw.  

In particular, 

r  = ~ _ t ( tr  ~ ) x  + t ~ ( tr  a ) 2 X  ~ . . . .  , 

and some of the beginning terms of Pt have the form 

~,(~, b) = ~ o b + t X o ( ( t r  ~)b  - ( tr  ~ o b) + ( tr  b)~)  

+ t  ~ ( tr  ~ t r  b - ( t r  ~ o b ) ~ X  ~ - ( tr  ~ t r  ( X  o b ) ) X  - ( tr  (~  o X )  tr  b ) X )  + . . - .  

Thus, the right-symmetric extension can be constructed in a such way that  the corresponding Lie mul- 
tiplication will not be changed: 

pt(a, b) - /2t (b ,  a) -- [a, b]. 
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