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COHOMOLOGIES OF COLOUR LEIBNIZ ALGEBRAS:
PRE-SIMPLICIAL APPROACH

ASKAR DZHUMADIL’DAEV

Abstract. Cohomologies for colour Leibniz algebras are defined.
Pre-simplicial structure on the cochain complex of colour Leibniz
algebras is constructed. In particular, pre-simplicial structures for
cohomologies of Leibniz algebra, Lie and Lie super algebras are
found.

1. Introduction

A cochain complex C∗ = ⊕kC
k has a pre-simplicial structure if it

has a sequence of endomorphisms di : C∗ → C∗+1, i ∈ Z, i ≥ 0 such
that djdi = didj−1 for any i < j. Pre-simplicial endomorphisms are
usually used in the construction of a coboundary operator, i.e. in the
construction of an endomorphism d : C∗ → C∗+1 such that d2 = 0.
It can be done as an alternating sum d =

∑
i(−1)idi. The existence

of pre-simplicial structure for cohomologies of associative algebras is
well known. We construct pre-simplicial structure for colour Leibniz
algebras. In particular, we construct pre-simplicial structure for co-
homologies of Leibniz algebras, Lie algebras and Lie super algebras.
Corresponding cohomology groups coincide with known cohomology
groups for Lie algebras [1], Liebniz algebras [2], [3], Lie super algebras
and colour algebras [4], [5].

Actually we construct on the cochain complex T ∗(L,M) of colour
Leibniz algebras two kinds of operations

d : Ck(L,K)→ Ck+1(L,M),

coboundary operator, and

θ : Ck(L,K)→ Ck+1(L,M),

such that
dθk = θkd,

dθ2k−1 + θ2k−1d = θ2k,

for any k.
1
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2. Colour Leibniz algebras

Let P be a field and G be a commutative group with bicharacter

χ : G×G→ P :
χ(f, gh) = χ(f, g)χ(f, h),
χ(fg, h) = χ(f, h)χ(g, h),
χ(f, g)χ(g, f) = 1.

Let L be a G -graded algebra with multiplication [ , ] :

L = ⊕g∈GLg, LgLh ⊆ Lgh.

We will write, |x| = f , if x ∈ L is homogeneous, and x ∈ Lf . The
G -graded algebra L is colour commutative, if

[x, y] = χ(|x|, |y|)[y, x]

and colour skew-commutative, if

[x, y] = −χ(|x|, |y|)[y, x]

for any homogeneous x, y ∈ L . A colour skew-commutative algebra L
is called colour Lie algebra, if the following identity (Jacobi identity)
holds

[[x, y], z] = [x, [y, z]] + χ(|y|, |z|)[[x, z], y].

Following J.L. Loday we say that L is colour (left) Leibniz algebra if
the following identity (Leibniz identity) is true:

[[x, y], z] = [x, [y, z]]− χ(|x|, |y|)[y, [x, z]].
In particular, any colour Lie algebra is a colour Leibniz algebra. If G is
additive group Z/2Z and χ(f, g) = (−1)fg , then colour Lie algebras
are known as Lie super algebras. We call a Leibniz colour algebra for
G = Z/2Z a Leibniz super algebra. When G is a trivial group a colour
Leibniz algebra is a Leibniz algebra and a colour Lie algebra is a usual
Lie algebra.

3. Modules of colour Leibniz algebras

Let L be (left) Leibniz algebra. We call a G -graded space M =
⊕f∈GMj a module over L if there are given bilinear maps L×M →M,
(x,m) 7→ [x,m] and M × L→M, (m,x) 7→ [m,x] such that

LfMg ⊆Mfg, MgLf ⊆Mgf ,

[[x, y],m] = [x, [y,m]]− χ(|x|, |y|)[y, [x,m]], (LLM)

[[x,m], y] = [x, [m, y]]− χ(|x|, |m|)[m, [x, y]], (LML)

[[m,x], y] = [m, [x, y]]− χ(|m|, |x|)[x, [m, y]], (MLL)
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for any x, y ∈ L, m ∈ M, g ∈ G. Here the notation |m| = f means
that m ∈M is homogeneous, and m ∈Mj. Notice that

|[x, y]| = |x||y|, |[x,m]| = |x||m|, |[m,x]| = |m||x|.

For a L -module M

Mann := {a(x,m) := [x,m] + χ(|x|, |m|)[m,x]|x ∈ L,m ∈M}

has a module structure over L :

[x, a(y,m)] = a([x, y],m) + χ(x, y)a(y, [xm]),

[a(y,m), x] = 0,

for any x, y ∈ L, m ∈ M. In particular, the natural adjoint on L
endows it the structure of a module and

Lann = {a(x, y) = [x, y] + χ(x, y)[y, x]|x, y ∈ L}

lies in a right center of L.
Let us have a L -module M. Denote by T k(L,M), k > 0, a space of

polylinear maps ψ : L× . . .×L→M with k -arguments, T 0(L,M) =
M, T k(L,M) = 0, k < 0 and T ∗(L,M) = ⊕kT

k(L,M). For ψ ∈
T k(L,M) set |ψ| = f, if

ψ(Lf1 , . . . , Lfk) ⊆Mff1...fk .

Define a G -gradiation on T ∗(L,M) by the rule

T ∗(L,M) = ⊕f∈GT
∗(L,M)f ,

T ∗(L,M)f = {ψ ∈ T ∗(L,M)||ψ| = f}.

4. Pre-simplicial structure for colour Leibniz
cohomology

Let L be a colour Leibniz algebra and M be a L -module. For a
given ψ ∈ T k(L,M), x1, . . . , xk+2 ∈ L set

χi = χ(|ψ||x1| . . . |xi−1|, |xi|),

χj (̂i) = χ(|ψ||x1| . . . |x̂i| . . . |xj−1|, |xj|), i < j,

χi,j = χ(|xi|, |xi+1| . . . |xj−1|), i < j,

χi,s(ĵ) = χ(|xi|, |xi+1| . . . |x̂j| . . . |xs|), i < j < s.
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Consider the operators

θi, ηi : T ∗(L,M)→ T ∗+1(L,M)

θj,i : T ∗(L,M)→ T ∗+2(L,M), i < j,

defined on ψ ∈ T k(L,M) by the following formulas

(θiψ)(x1, . . . , xk+1) = χi[xi, ψ(x1, . . . , x̂i, . . . , xk+1)], i < k + 1,

(θk+1ψ)(x1, . . . , xk+1) = −[ψ(x1, . . . , xk), xk+1],

(θiψ) = 0, i > k + 1,

ηiψ(x1, . . . , xk+1) =
∑
i<j

χi,jψ(x1, . . . , x̂i, . . . , [xi, xj], . . . , xk+1),

ηiψ = 0, i > k,

θj,iψ(x1, . . . , xk+2) = χiχj[[xj, xi], ψ(x1, . . . , x̂i, . . . , x̂j, . . . , xk+2)],

i < j < k + 2,

θk+2,iψ(x1, . . . , xk+2) = −χ(|xi|, |xi+1| . . . |xk+2|)[ψ(x1, . . . , x̂i, . . . , xk+1), [xk+2, xi]].

Let
di = θi − ηi, i = 0, 1, 2, . . .

Theorem 4.1. For any i < j the following relations are true:

djdi = didj−1.

Corollary 4.2. The operator d : T ∗(L,M) → T ∗+1(L,M) given by
the rule

d =
∑
i

(−1)idi

is a coboundary operator: d2 = 0.

Proof of Theorem 4.1:

djdi = (θj−ηj)(θi−ηi) = θjθi−ηjθi−θjηi+ηjηi = (lemma 4.3, see below)

= θiθj−1+θj,i−θiηj−1−ηiθj−1−θj,i+ηiηj−1 = (θi−ηi)(θj−1−ηj−1) = didj−1. 2

Lemma 4.3. For i < j we have the following relations:

(i) θjθi = θiθj−1 + θj,i,
(ii) θjηi = ηiθj−1 + θj,i,

(iii) ηjηi = ηiηj−1,
(iv) ηjθi = θiηj−1.



COHOMOLOGIES OF COLOUR LEIBNIZ ALGEBRAS: PRE-SIMPLICIAL APPROACH5

Proof: Notice that χi depends on ψ, but

|θiψ| = |θj−1ψ| = |ψ|,
that is why

χi = χi(ψ) = χi(θsψ),

for any s = 1, . . . , k + 2.
(i) Let ψ ∈ T k(L,M). If j < k + 2, then

(θjθiψ)(x1, . . . , xk+2) = χj[xj, (θiψ)(x1, . . . , x̂j, . . . , xk+2)] =

χiχj[xj, [xi, ψ(x1, . . . , x̂i, . . . , x̂j
′, . . . , xk+2)]],

and

(θiθj−1ψ)(x1, . . . , xk+2) = χi[xi, (θj−1ψ)(x1, . . . , x̂i, . . . , xk+2)] =

χiχjχ(|xj|, |xi|)[xi, [xj, ψ(x1, . . . , x̂i, . . . , x̂j, . . . , xk+2)]]

Thus

(θjθiψ−θiθj−1ψ)(x1, . . . , xk+2) = χjχi[[xj, xi], ψ(x1, . . . , x̂i, . . . , x̂j, . . . , xk+2)] =

(θj,iψ)(x1, . . . , xk+2).

If j = k + 2, i < k + 1, then

(θjθiψ)(x1, . . . , xk+2) = −[θiψ(x1, . . . , xk+1), xk+2] =

−χi[[xi, ψ(x1, . . . , x̂i, . . . , xk+1)], xk+2] =

(due to (LML))

−χi[xi, [ψ(x1, . . . , x̂i, . . . , xk+1), xk+2]]+

χ(|xi|, |ψ(x1, . . . , x̂i, . . . , xk+1)|)χi[ψ(x1, . . . , x̂i, . . . , xk+1), [xi, xk+2]] =

−χi[xi, [ψ(x1, . . . , x̂i, . . . , xk+1), xk+2]]+

χ(|xi|, |xi+1| . . . |xk+1|)[ψ(x1, . . . , x̂i, . . . , xk+1), [xi, xk+2]].

On the other hand, for j = k + 2, i < k + 1,

(θiθj−1ψ)(x1, . . . , xk+2) = χi[xi, (θk+1ψ)(x1, . . . , x̂i, . . . , xk+2)] =

−χi[xi, [ψ(x1, . . . , x̂i, . . . , xk+1), xk+2]],

thus
(θjθiψ)(x1, . . . , xk+2) = (θiθj−1ψ)(x1, . . . , xk+2)+

χi,k+1[ψ(x1, . . . , x̂i, . . . , xk+1), [xi, xk+2]]

If i = k + 1, j = k + 2, then

(θjθiψ)(x1, . . . , xk+2) = [[ψ(x1, . . . , xk), xk+1], xk+2] =

(due to (MLL))

[ψ(x1, . . . , xk), [xk+1, xk+2]]− χk+1[xk+1, [ψ(x1, . . . , xk), xk+2]],
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and

(θiθj−1ψ)(x1, . . . , xk+2) = χi[xi, (θj−1ψ)(x1, . . . , ˆxk+1, xk+2)] =

−χk+1[xk+1, [ψ(x1, . . . , xk), xk+2]].

Thus, (i) is proved completely.
(ii) If j < k + 2, then

(θjηiψ)(x1, . . . , xk+2) = χj[xj, (ηiψ)(x1, . . . , x̂j, . . . , xk+2)] =

χj

∑
i<i′<j

χi,i′ [xj, ψ(. . . , x̂i, . . . , xi′−1, [xi, xi′ ], . . . , x̂j, . . . )]+

χj

∑
i<j<i′

χi,i′(ĵ)[xj, ψ(. . . , x̂i, . . . , x̂j, . . . , xi′−1, [xi, xi′ ], . . . )],

and

(ηiθj−1ψ)(x1, . . . , xk+2) =
∑
i<i′

χi,i′(θj−1ψ)(. . . , x̂i, . . . , xi′−1, [xi, xi′ ], . . . )] =

∑
i<i′<j

χi,i′χj[xj, ψ(. . . , x̂i, . . . , [xi, xi′ ], . . . , x̂j, . . . )]+∑
i<j<i′

χi,i′χj (̂i)[xj, ψ(. . . , x̂i, . . . , x̂j, . . . , xi′−1, [xi, xi′ ], . . . )]+

ai,j[[xi, xj], ψ(. . . , x̂i, . . . , x̂j, . . . )],

where
ai,j = χi,jχ(|ψ||x1| . . . ||x̂i| . . . xj−1, |[xi, xj]|).

Since
χjχi,i′(ĵ) = χi,i′χj (̂i),

ai,j[xi, xj] = −χiχj[xj, xi],

we have

((θjηi − ηiθj−1 − θj,i)ψ)(x1, . . . , xk+2) = 0, j < k + 2.

If j = k + 2, then

(θjηiψ)(x1, . . . , xk+2) = [(ηiψ)(x1, . . . , xk+1), xk+2]

and
(ηiθj−1ψ)(x1, . . . , xk+2) =∑

i<i′
χi,i′(θj−1ψ)([x1, . . . , x̂i, . . . , xi′−1, [xi, xi′ ], . . . , xk+2) =

−
∑

i<i′<k+2

χi,i′ [ψ([x1, . . . , x̂i, . . . , xi′−1, [xi, xi′ ], . . . , xk+1), xk+2]−

χi,k+2[ψ(x1, . . . , x̂i, . . . , xk+1), [xi, xk+2]] =

−[(ηiψ)(x1, . . . , xk+1), xk+2]+

χ(|xi|, |xi+1| . . . |xk+2|)[ψ(x1, . . . , x̂i, . . . , xk+1), [xk+2, xi]] =



COHOMOLOGIES OF COLOUR LEIBNIZ ALGEBRAS: PRE-SIMPLICIAL APPROACH7

(θjηiψ − θj,iψ)(x1, . . . , xk+2).

Thus, relation (ii) is proved.
(iii) We have

(ηjηiψ)(x1, . . . , xk+2) =
∑
j<j′

χj,j′(ηiψ)(. . . , x̂j, . . . , xj′−1, [xj, xj′ ], . . . ) =

A1 + A2 + A3 + A4,

where

A1 =
∑

i<i′,j<j′

∑
i′<j

χj,j′χi,i′ψ(. . . , x̂i, . . . , xi′−1, [xi, xi′ ], . . . , x̂j, . . . , xj′−1, [xj, xj′ ], . . . ),

A2 =
∑

i<i′,j<j′

∑
j<i′<j′

χj,j′χi,i′(ĵ)ψ(. . . , x̂i, . . . , x̂j, . . . , xi′−1, [xi, xi′ ], . . . , xj′−1, [xj, xj′ ], . . . ),

A3 =
∑

i<i′,j<j′=i′
χj,j′χi,i′(ĵ)ψ(. . . , x̂i, . . . , x̂j, . . . , xj′−1, [xi, [xj, xj′ ]], . . . ),

A4 =
∑

i<i′,j<j′

∑
j′<i′

χj,j′χi,i′ψ(. . . , x̂i, . . . , x̂j′ , . . . , xj′−1, [xj, xj′ ], . . . , xi′−1, [xi, xi′ ], . . . )

and

(ηiηj−1ψ)(x1, . . . , xk+2) =
∑
i<i′

χi,i′(ηj−1ψ)(. . . , x̂i, . . . , xi′−1, [xi, xi′ ], . . . ) =

B1 +B2 +B3 +B4 +B5,

where

B1 =
∑

i<i′,j<j′

∑
i′<j

χi,i′χj,j′ψ(. . . , x̂i, . . . , xi′−1, [xi, xi′ ], . . . , x̂j, . . . , xj′−1, [xj, xj′ ], . . . ),

B2 =
∑

i<i′,j<j′

∑
j<i′<j′

χi,i′χj,j′χ(|xj|, |xi|)×

ψ(. . . , x̂i, . . . , x̂j, . . . , xi′−1, [xi, xi′ ], . . . , xj′−1, [xj, xj′ ], . . . ),

B3 =
∑

i<i′,j<j′,i′=j′
χi,j′χj,j′ψ(. . . , x̂i, . . . , x̂j, . . . , xi′−1, [xj, [xi, xi′ ]], . . . ),

B4 =
∑

i<i′=j<j′
χi,jχj,j′χ(|xi|, |xj+1| . . . |xj′−1|)ψ(. . . , x̂i, . . . , x̂j, . . . , xj′−1, [[xi, xj], xj′ ], . . . )

B5 =
∑

i<i′,j<j′

∑
j′<i′

χi,i′χj,j′ψ(. . . , x̂i, . . . , x̂j′ , . . . , xj′−1, [xj, xj′ ], . . . , xi′−1, [xi, xi′ ], . . . ).

It is easy to see that
A1 = B1, A4 = B5.

Since
χj,j′χi,i′(ĵ) = χi,i′χ(|xj|, |xi|)χj,j′ ,

we have the following equality

A2 = B2.
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Since
χi,jχj,j′χ(|xi|, |xj+1| . . . |xj′−1|) = χj,j′χi,j′(ĵ),

χi,jχj,j′χ(|xi|, |xj+1| . . . |xj′−1|)χ(|xi|, |xj|) = χi,j′χj,j′ ,

due to be Leibniz identity

A3 = B3 +B4.

Thus, relation (iii) is proved.
(iv) If j ≥ k + 2, then (iv) is trivial:

ηjθiψ = 0 = θiηj−1ψ.

Assume that j < k + 2. Then

(ηjθiψ)(x1, . . . , xk+2) =
∑
j<j′

χj,j′(θiψ)(x1, . . . , x̂j, . . . , xj′−1, [xj, xj′ ], . . . , xk+2) =

∑
j<j′

χj,j′χi[xi, ψ(x1, . . . , x̂i, . . . , x̂j, . . . , xj′−1, [xj, xj′ ], . . . ) =

χi[xi,
∑
j<j′

χj,j′ψ(. . . , x̂i, . . . , x̂j, . . . , xj′−1, [xj, xj′ ], . . . ) =

χi[xi(ηj−1ψ)(. . . , x̂i), . . . ] = (θiηj−1ψ)(x1, . . . , xk+2).

Thus, relation (iv) is proved. 2

Corollary 4.4. Let

θ =
∑
i

(−1)iθi, η =
∑
i

(−1)iηi, d =
∑
i

(−1)idi.

Then

d2 = 0, (1)

η2 = 0, (2)

and for any k = 1, 2, . . . we have the following formulas

dθ2k = θ2kd, (3)

dθ2k−1 + θ2k−1d = θ2k. (4)

Proof: Since ηi, i = 0, 1, 2, . . . and di, i = 0, 1, 2, . . . are pre-
cosimplicial systems, η2 = 0 and d2 = 0. We have

d = θ − η,
thus

0 = d2 = θ2 − θη − ηθ + η2,

θη + ηθ = θ2,

and
dθ + θd = (θ − η)θ + θ(θ − η) = θ2.



COHOMOLOGIES OF COLOUR LEIBNIZ ALGEBRAS: PRE-SIMPLICIAL APPROACH9

Thus, relation (4) for k = 1 is proved. From this follows that

θ2d = (θd+ dθ)d = d(θd) = d(θd+ dθ) = dθ2.

Thus, (3) for k = 1 is also proved. From the inductive assumption for
k − 1 follows that

dθ2k = dθ2θ2(k−1) = θ2dθ2(k−1) = θ2kd.

dθ2k−1 + θ2k−1d = θ2(dθ2k−3 + θ2k−3d) = θ2k.

5. Pre-simplicial structure for Leibniz and Lie
cohomologies

The notation of cohomology of a Lie algebra was defined by Chevalley-
Eilenberg [1]. Let L be a Lie algebra and M is L -module. A
cochain complex C∗(L,M) = ⊕kC

k(L,M) consists of polylinear skew-
symmetric maps ψ ∈ Ck(L,M), ψ : L × · · · × L → M, if k > 0,
and C0(L,M) = M, Ck(L,M) = 0, k < 0. The Chevalley-Eilenberg
coboundary operator

C∗(L,M)→ C∗+1(L,M)

is defined on ψ ∈ Ck(L,M) by the formula

dψ(x1, . . . , xk+1) =
∑
i<j

ψ([xi, xj], x1, . . . , x̂i, . . . , x̂j, . . . , xk+1)+

∑
i

(−1)i+1[xi, ψ(x1, . . . , x̂i, . . . , xk+1)]

(the notation x̂i means that xi is omitted).
J.-L. Loday [2] noticed that the main property of the coboundary

operator d2 = 0 follows from the Leibniz identity (skew-symmetry
condition is not necessary) if the formula for d is rewritten in the
following way

dψ(x1, . . . , xk+1) =
∑
i<j

ψ(x1, . . . , x̂i, . . . , x̂j, [xi, xj], xj+1, . . . , xk+1)+

k∑
i=1

(−1)i+1[xi, ψ(x1, . . . , x̂i, . . . , xk+1)] + (−1)k+1[ψ(x1, . . . , xk), xk+1].

A vector space M is called a module over a Leibniz algebra L if
there are defined left action M × L → M, (m,x) 7→ [m,x] and right
action L×M →M, (x,m) 7→ [x,m], such that

[[m,x], y] = [m, [x, y]]− [x, [m, y]], (MLL)

[[x,m], y] = [x, [m, y]]− [m, [x, y]], (LML)
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[[x, y],m] = [x, [y,m]]− [y, [x,m]], (LLM)

The L -module M is called symmetric if

[x,m] + [m,x] = 0, ∀x ∈ L, ∀m ∈M.

In particular, if L is a Lie algebra, any L -module will be symmetric
module in the category of Leibniz algebras. Let L be a Leibniz algebra,
M be a L -module and T ∗(L,M) = ⊕kT

k(L,M) be cochain complex
with Loday coboundary operator d, where T k(L,M) = Hom(L⊗k,M),
k > 0, and T 0(L,M) = M, T k(L,M) = 0, k < 0. Denote by HL∗(L,M) =
⊕kHL

k(L,M) its cohomology groups, where HLk(L,M) = ZLk(L,M)/BLk(L,M)
( k -cohomology groups, more exactly,spaces), ZLk(L,M) = {ψ ∈
T k(L,M) : dψ = 0} ( k -space of cycles) and BLk(L,M) = {dη :
η ∈ T k−1(L,M)} ( k -space of coboundaries).

We notice that a Loday cochain complex (T ∗(L,M), d) has a struc-
ture of pre-simplicial complex. In our knowledge this observation is
new even for Lie algebras. For i = 1, 2, . . . we define operators

di : T ∗(L,M)→ T ∗+1(L,M)

on ψ ∈ T k(L,M) by the rules

diψ(x1, . . . , xk+1) = [xi, ψ(x1, . . . , x̂i, . . . , xk+1)]−∑
i<j

ψ(x1, . . . , x̂i, . . . , x̂j, [xi, xj], xj+1, . . . , xk+1), 1 ≤ i ≤ k,

dk+1ψ(x1, . . . , xk+1) = [ψ(x1, . . . , xk), xk+1],

diψ(x1, . . . , xk+1) = 0, k + 1 < i.

Theorem 5.1. If i < j, then djdi = didj−1. In particular, d :=∑
i(−1)idi is a coboundary operator of T ∗(L,M) : d2 = 0.
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