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1. Introduction

Construction of free algebras is one of the important problems of modern algebra. 
They appear in studying the varieties of algebras, polynomial identities and in oper-
ads theory. Multilinear parts of free algebras contain essential information about free 
algebras. Multilinear parts are studied by combinatorial methods and by methods of 
representation theory. In our paper we focus our attention on module structures of mul-
tilinear parts of free Novikov algebras. By module structures we mean modules over 
permutation group and over general linear group. Recall that any irreducible Sn-module 

* Corresponding author.
E-mail addresses: dzhuma@hotmail.com (A.S. Dzhumadil’daev), nurlan.ismail@gmail.com

(N.A. Ismailov).
http://dx.doi.org/10.1016/j.jalgebra.2014.06.013
0021-8693/© 2014 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.jalgebra.2014.06.013
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jalgebra
mailto:dzhuma@hotmail.com
mailto:nurlan.ismail@gmail.com
http://dx.doi.org/10.1016/j.jalgebra.2014.06.013
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jalgebra.2014.06.013&domain=pdf


288 A.S. Dzhumadil’daev, N.A. Ismailov / Journal of Algebra 416 (2014) 287–313
can be characterized by a partition of n or by Young diagrams. The so-called Specht mod-
ules Sα, where α � n is a partition of n, give us a complete list of irreducible modules 
of permutation group Sn. There exist deep connections between irreducible Sn-modules 
and irreducible GL(V )-modules. Any irreducible GL(V )-module is isomorphic to a so-
called Weyl module. Any Weyl module as Specht module can be characterized by Young 
diagrams. These facts are known and one can find details, for example, in [7,8].

The list of algebraic varieties with studied free objects is given in [12]. Let us recall 
some of such results.

If F ass
n is a multilinear part of a free associative algebra with n generators, then F ass

n ,
as a module over permutations group Sn, is isomorphic to a regular module. Any irre-
ducible Sn-module is associative admissible. This means that any irreducible Sn-module 
appears in decomposition of F ass

n to a direct sum of irreducible components with non-zero 
multiplicity. Moreover, for any irreducible Sn-module its multiplicity in such decompo-
sition is equal to dimension of this module.

If F lie
n is a multilinear part of a free Lie algebra with n ≥ 3 generators, then by [6]

any irreducible Sn-module Sα, except when α = (1n), (n), (22), (23), is a Lie admissible 
module. Multiplicity of such a module in decomposition of F lie

n can be calculated in 
terms of major indices of Young diagrams. It was done in [9].

Similar questions for multilinear parts of free bicommutative algebras are studied 
in [5]. For degrees n ≤ 7 module structures over Sn for multilinear parts of free anti-
commutative algebras were found in [1].

The aim of our paper is to study multilinear parts of free Novikov algebras. We intro-
duce a notion of Novikov weights and we describe irreducible components of multilinear 
parts in terms of weights. We find a criterion for Novikov admissible irreducible modules. 
We prove that multiplicities of irreducible components are ruled by Kostka numbers.

2. Statement of main result

Let rsym (right-symmetric polynomial) and lcom (left-commutative polynomial) be 
non-commutative non-associative polynomials defined by

rsym = t1(t2t3) − t1(t3t2) − (t1t2)t3 + (t1t3)t2,

lcom = t1(t2t3) − t2(t1t3).

An algebra with identities rsym = 0 and lcom = 0 is called right-Novikov. In our paper 
we consider only right-Novikov algebras therefore the word “right” will be omitted. So, 
if A = (A, ◦) is a Novikov algebra with multiplication a ◦ b, then

(a, b, c) = (a, c, b),

a ◦ (b ◦ c) = b ◦ (a ◦ c),

for any a, b, c ∈ A. Here
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(a, b, c) = a ◦ (b ◦ c) − (a ◦ b) ◦ c

is an associator.

Example. Let A = C[x] and a ◦ b = ∂(a)b, where ∂ = ∂
∂x is partial derivation. Then 

(A, ◦) is the Novikov algebra.
Free Novikov algebras were described in [3]. In [4] a base of free Novikov algebra in 

terms of Young diagrams is constructed. In our paper this base is used intensively.
A partition of a positive integer n is a finite sequence α = (α1, . . . , αk) with positive 

integer components α1 ≥ . . . ≥ αk > 0 such that 
∑k

i=1 αi = n. If α is a partition of n, 
then we write α � n. Components αi are called parts of the partition and we write 
αi ∈ α. Let il = |{αs = l | s = 1, . . . , k}| be multiplicity of l, the number of parts of α
equal to l. For a partition α � n we will use also another notation α = (nin , . . . , 2i2 , 1i1). 
For example, α = (3, 2, 2, 1) = (31, 22, 11). For a sequence β let us denote by sort(β)
a partition whose parts are components of β sorted in non-increasing order. For example, 
if β = (2, 3, 1, 5, 1), then sort β = (5, 3, 2, 1, 1). Let P (n) be a set of all partitions of n
and p(n) the number of partitions of n.

Definition. For α = (nin , . . . , 2i2 , 1i1) ∈ P (n) the partition w(α) ∈ P (n + 1) defined by

w(α) = sort
(
n + 1 −

n∑
j=1

ij , i1, i2, . . . , in

)

is called the weight of α.

Example. Let us construct the weight function w : P (5) → P (6). We have

P (5) =
{
(5), (4, 1), (3, 2),

(
3, 12), (22, 1

)
,
(
2, 13), (15)}.

w
(
(5)

)
= sort(5, 1) = (5, 1),

w
(
(4, 1)

)
= w

(
(3, 2)

)
= sort(4, 1, 1) = (4, 1, 1) =

(
4, 12),

w
((

3, 12)) = w
((

22, 1
))

= sort(3, 1, 2) = (3, 2, 1),

w
((

2, 13)) = sort(2, 3, 1) = (3, 2, 1), w
((

15)) = sort(1, 5) = (5, 1).

Recall that for α, β � n, the Kostka number Kαβ is equal to the number of semi-
standard Young tableaux of shape α and content β. Recall also that for a partition 
α = (α1, α2, . . . , αl) � n its Young subgroup in Sn is defined as

Sα = S{1,2,...,α1} × S{α1+1,α1+2,...,α1+α2} × · · · × S{n−αl+1,n−αl+2,...,n},

where each component in this product is a symmetric group constructed by permutations 
on its corresponding sets. A partition β � n +1 is called Novikov admissible if the Specht 
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module Sβ is an Sn+1-module of a multilinear part of a free Novikov algebras with 
nontrivial coefficients. Let N(V ) be a Novikov algebra freely generated by basis elements 
of V .

The aim of our paper is to describe Sn- and GL(V )-module structures on free Novikov 
algebras. The main field is supposed to be a field of characteristic 0. The structure of 
a free Novikov algebra as an Sn-module is given below.

Theorem 2.1. Let Fn+1 be a multilinear part of free Novikov algebra of degree n + 1.

a. Then Fn+1 as an Sn+1-module is isomorphic to a direct sum of modules induced by 
trivial module of Young subgroups Sw(α).

Fn+1 ∼=
⊕
α�n

IndSn+1
Sw(α)

(1).

b. Further, induced modules are direct sums of irreducible ones, and

Fn+1 ∼=
⊕

β�n+1

(∑
α�n

Kβw(α)

)
Sβ ,

where Sβ is a Specht module corresponding to a partition β.
c. β = (β1, . . . , βk) � n + 1 is Novikov admissible if and only if:

β1 − 1 ≥ β3 + 2β4 + . . . + (k − 2)βk.

The structure of a free Novikov algebra as GL(V )-module is given below.

Corollary 2.2. Let Nn+1 be the homogenous part of N(V ) of degree n +1. Then Nn+1 as 
GL(V )-module is isomorphic to

Nn+1 ∼=
⊕
α�n

⊗
wi∈w(α)

Symwi V

where Symwi V is the symmetric power of V , and

Nn+1 ∼=
⊕

β�n+1

(∑
α�n

Kβw(α)

)
Sβ(V )

where Sβ(V ) is a Weyl module corresponding to a partition β whose number of parts is 
not more than dim V .

Remark 2.3. We see that multiplicities of Novikov admissible modules can be charac-
terized by sums of Kostka numbers. Let us recall some results about sums of Kostka 
numbers. Let λ � n. In general, by definition of Schur functions
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∑
μ

Kλμ = sλ
(
1n

)
where μ = (μ1, . . . , μn) such that μ1+· · ·+μn = n and μi ≥ 0 for any i, and sλ(x1, . . . , xn)
is a Schur function corresponding to the partition λ. By Corollary 7.21.4 in [11],

∑
μ

Kλμ =
∏
u∈λ

n + j − i

h(u)

where u = (i, j) is a square in λ, and h(u) is the hook length of λ at u.

For partitions α = (α1, α2, . . . , αk) � n and β = (β1, β2, . . . , βl) � n we say that α
dominates β, and write α � β, if

α1 + α2 + · · · + αi ≥ β1 + β2 + · · · + βi

for all i ≥ 1. If i > k (respectively, i > l), then we take αi (respectively, βi) to be zero.

Example. Let us describe S6-module of F6 as a direct sum of irreducible S6-modules. 
Novikov admissible partitions are

β =
{
(6), (5, 1), (4, 2), (4, 1, 1), (3, 3), (3, 2, 1)

}
.

Recall that if α, β � n, then Kαβ 	= 0 ⇔ α � β. Therefore

K(5,1)(5,1) = K(6)(5,1) = K(4,12)(4,12) = K(4,2)(4,12) = K(6)(4,12) = 1,

K(5,1)(4,12) = K(4,2)(3,2,1) = K(5,1)(3,2,1) = 2,

K(3,2,1)(3,2,1) = K(4,12)(3,2,1) = K(32)(3,2,1) = K(6)(3,2,1) = 1.

Thus,

F6 ∼= 7S(6) ⊕ 12S(5,1) ⊕ 8S(4,2) ⊕ 5S(4,12) ⊕ 3S(32) ⊕ 3S(3,2,1).

Example. If dim V > 1 then as GL(V )-module

N3 ∼= 2S(3)(V ) ⊕ 2S(2,1)(V ).

Let p(n, k) be the number of partitions of n into k different parts. Then by [2]

p(n, k) =
∑
α�n

(
k

k

)
i1i2 . . . ik −

(
k + 1
k

)
i1i2 . . . ik+1 +

(
k + 2
k

)
i1i2 . . . ik+2 − . . . ,

where α = (nin , . . . , 2i2 , 1i1). For example, p(5, 2) = 5, since the list of partitions of 5
into 2 different parts is as follows: 4 + 1, 3 + 2, 3 + 1 + 1, 2 + 2 + 1, 2 + 1 + 1 + 1.
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Corollary 2.4. For Fn+1, the following statements are true:

a. Multiplicity of trivial module is p(n).
b. Multiplicity of the irreducible module S(n+1−l,1l) is 

∑
k≥l p(n, k)

(
k
l

)
.

c. A partition with two parts is Novikov admissible.
d. If k > 2, then the partition (lk) is not Novikov admissible.

Let

pλ(x1, . . . , xm) =
l∏

i=1

(
xλi

1 + . . . + xλi
m

)
be power sum symmetric polynomial and

C(λ, μ) =
[
xμ1

1 . . . xμm
m

]
pλ(x1, . . . , xm)

the coefficient at xμ1
1 . . . xμm

m in pλ(x1, . . . , xm).

Corollary 2.5. Let λ = (λ1, λ2, . . . , λl) � n + 1. The character of the representation Fn+1
evaluated at an element of Sn+1 with cycle type λ is equal to

χ(λ) =
∑
α�n

C
(
λ,w(α)

)
.

Example. Let n = 3. Then P (3) = {(3), (2, 1), (1, 1, 1)} and

w
(
(3)

)
= (3, 1), w

(
(2, 1)

)
= (2, 1, 1), w

(
(1, 1, 1)

)
= (3, 1).

Let us calculate the character value of (12)(3)(4) ∈ S4. We see that the cycle type of 
(12)(3)(4) is λ = (2, 1, 1).

χ
(
(2, 1, 1)

)
= 2C

(
(2, 1, 1), (3, 1)

)
+ C

(
(2, 1, 1), (2, 1, 1)

)
= 2

[
x3

1x
1
2
]
p(2,1,1)(x1, x2) +

[
x2

1x
1
2x

1
3
]
p(2,1,1)(x1, x2, x3)

= 2
[
x3

1x
1
2
](
x2

1 + x2
2
)
(x1 + x2)(x1 + x2)

+
[
x2

1x
1
2x

1
3
](
x2

1 + x2
2 + x2

3
)
(x1 + x2 + x3)(x1 + x2 + x3)

= 2 · 2 + 2 = 6.

3. Young diagrams, Novikov diagrams and blocks

In [3], a base of free Novikov algebras in terms of rooted trees and so-called r-elements 
is constructed. In [4] this base is given in terms of partitions and Young diagrams. For 
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α = (α1, α2, . . . , αk) � n denote by Yα its Young diagram, i.e. a diagram with αi boxes 
in the i-th row.

For a partition α � n denote by α̃ = (α̃1, α̃2, . . . , α̃k) a partition of n + 1 such that 
α̃1 = α1+1, α̃i = αi, i > 1. Note that Yα̃ is a Young diagram. Call it a Novikov diagram.

For a Novikov diagram we call its first column nape, its complement face and added 
box in the first row nose. So, nose is a part of face and

Yα̃ = nape(Yα̃) ∪ face(Yα̃).

For example, if α = (5, 4, 4, 3, 3, 3), then

Yα̃ =

• • • • • ◦
• • • •
• • • •
• • •
• • •
• • •

and the box corresponding to white circle is nose. To show nape and face, we denote 
nape boxes by x and face boxes by y

Yα̃ =

x y y y y y

x y y y

x y y y

x y y

x y y

x y y

Now we introduce so-called blocks of Novikov diagram. Suppose that a Novikov dia-
gram Yα̃ corresponds to a partition α such that

α1 = . . . = αl1 > αl1+1 = . . . = αl1+l2 > αl1+l2+1

= . . . > αl1+...+ls−1+1 = . . . = αl1+...+ls > 0,

k = l1 + . . . + ls.

In other words, the partition α � n in terms of multiplicities can be presented in the 
following way

α =
(
αl1

1 , αl2
l1+1, . . . , α

ls
l1+...+ls−1+1

)
.

Then Novikov diagram Yα̃ has s +1 blocks, denoted by B0, B1, . . . , Bs. By definition, the 
block B0 is the face of the Novikov diagram. Other blocks are parts of the nape, B1 cor-
responds to rows 1, 2, . . . , l1, B2 corresponds to rows l1 + 1, . . . , l2, etc., Bs corresponds
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to rows l1 + . . . + ls−1 + 1, . . . , l1 + . . . + ls−1 + ls. The number of boxes in a block is 
called the length of block. So,

nape(Yα̃) = B1 ∪ . . . ∪Bs, face(Yα̃) = B0,

|Bi| = li, 1 ≤ i ≤ s, |B0| = n + 1 − k = l0.

For example, α = (5, 4, 4, 3, 3, 3) has 4 blocks since α = (51, 42, 33). Below we denote 
boxes of block Bi of Novikov diagram Yα̃ by xi,

Yα̃ =

x1 x0 x0 x0 x0 x0
x2 x0 x0 x0
x2 x0 x0 x0
x3 x0 x0
x3 x0 x0
x3 x0 x0

Example. The list of Novikov diagrams with blocks for n = 4.

Y(̃4) = � • • • • , |B0| = 4, |B1| = 1,

Y
˜(3,1) = � • • •


 , |B0| = 3, |B1| = 1, |B2| = 1,

Y
˜(2,2) = � • •

� • , |B0| = 3, |B1| = 2,

Y
˜(2,12)

=
� • •





, |B0| = 2, |B1| = 1, |B2| = 2,

Y(̃14) =

� •
�

�

�

, |B0| = 1, |B1| = 4.

Now we are ready to introduce Novikov tableau. It is a Novikov diagram with filling. 
Below we give an exact definition of Novikov tableau.

Let Ω be an ordered set. For a Novikov tableau Yα̃ call a function f : Yα̃ → Ω a filling
of Yα̃. This means that any box of Yα̃ is labelled by elements of Ω. Denote by Yα̃,f

a diagram Yα̃ with filling f . Let B0, B1, . . . , Bs be blocks of Novikov diagram Yα̃. For 
block Bl, 0 ≤ l ≤ s, denote by Bl,f a sequence of its elements under filling f . Call it 
a block sequence. Here we assume, to be definite, that boxes of blocks are numerated 
from bottom to top and in each row (in case of face) boxes are numerated from left to 
right.

Say that a filling f : Yα̃ → Ω is Novikov, if

• block sequence Bl,f , is non-decreasing for any 0 ≤ l ≤ s.
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For a filling g : Yα̃ → Ω denote by sort(g) : Yα̃ → Ω a filling, such that each 
sequence Bl,sort(g) is a sequence sort(Bl,g), 0 ≤ l ≤ s, that is sequence Bl,f sorted in 
non-decreasing order. Note that Yα̃,sort(g) is a Novikov tableau.

Let Yα̃,f be a Novikov tableau

f1,1 f1,2 · · · · · · · · · f1,α1 f1,α1+1
f2,1 f2,2 · · · · · · f2,α2
...

...
...

...
fk,1 fk,2 · · · fk,αk

Then the base element of free Novikov algebra constructed from Yα̃,f is

eα,f = Xk,f ◦
(
· · · (X2,f ◦X1,f ) · · ·

)
,

where

Xi,f =
((
· · · (fi,1 ◦ fi,2) · · ·

)
◦ fi,αi−1

)
◦ fi,αi

, k ≥ i > 1,

X1,f =
((
· · · (f1,1 ◦ f1,2) · · ·

)
◦ f1,α1

)
◦ f1,α1+1.

In [4] it was established that elements eα,f corresponding to Novikov tableaux Yα̃,f , 
where α ∈ P (n), form base of free Novikov algebra.

Denote by Basen+1 the set of Novikov base elements eα,f , where α � n and f is 
a Novikov filling. For a base element v ∈ Basen+1, say that v has degree α and denote 
deg v = α, if v = eα,f .

Example. Suppose that a1 < a2 < . . . < a8. Then

Y
˜(3,3,1),f

=
a2 a5 a6 a7
a1 a3 a4
a8

is a Novikov tableau and

Y
˜(3,3,1),g

=
a1 a5 a6 a3
a2 a7 a4
a8

is not a Novikov tableau. Note that sort(g) = f and Y
˜(3,3,1),sort(g)

= Y
˜(3,3,1),f

. The base 

element v corresponding to Novikov tableau Y
˜(3,3,1),f

is the element

v = e(3,3,1),f = a8 ◦
((

(a1 ◦ a3) ◦ a4
)
◦
((

(a2 ◦ a5) ◦ a6
)
◦ a7

))
with degree deg v = (3, 3, 1) and block sequences

B0,f = a3a4a5a6a7, B1,f = a1a2, B2,f = a8.
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4. Filtration and grading on Fn+1

Recall that our alphabet Ω has a linear order. In this section we give prolongation of 
linear order in alphabet Ω to a linear order on base Basen+1.

Let eα,f , eβ,g ∈ Basen+1 be two Novikov base elements with α, β � n and fillings f
and g. Suppose that Bα,f = (B0,f , B1,f , . . . , Bl,f ) and Cα,g = (C0,g, C1,g, . . . , Cm,g) are 
block structures of eα,f and eβ,g respectively.

We say that eα,f is no less than eβ,f , and denote it eα,f ≥ eβ,g, if one of the following 
cases holds

• α > β.
• α = β, B0,f = C0,g, . . . , Bi−1,f = Ci−1,g and Bi,f > Ci,g for some i ≥ 0.

It is clear that this order is a linear order.

Example. Elements of Base3 sorted in decreasing order:

(a ◦ b) ◦ c ≥ (b ◦ a) ◦ c ≥ (c ◦ a) ◦ b ≥ a ◦ (b ◦ c) ≥ a ◦ (c ◦ b) ≥ b ◦ (c ◦ a).

Let X =
∑

v∈Basen+1
λvv be an element of Fn+1, where λv ∈ K. We say that X

has degree α and write deg(X) = α, if λu = 0 as soon as deg u > α and λv 	= 0, for 
some v ∈ Basen+1 with deg(v) = α. To define order on any X and Y , first write the 
linear combinations of base elements for X and Y , and then compare corresponding base 
elements of X and Y . Note that

deg X < deg Y ⇒ X < Y.

By using the definition of the order one can easily show that

Proposition 4.1. For any X, Y ∈ Fn+1,

deg(X + Y ) ≤ max(deg X, deg Y ),

deg(λX) ≤ deg X, λ ∈ K.

Now we are able to construct filtration on Fn+1. By Proposition 4.1 for any α � n the 
set of elements of degree no more than α forms a linear subspace. Denote it by Fα. So, 
Fα is a linear space generated by base elements eβ,g, where β ≤ α. For instance,

F(2) =
〈
(a ◦ b) ◦ c, (b ◦ a) ◦ c, (c ◦ a) ◦ b, a ◦ (b ◦ c), a ◦ (c ◦ b), b ◦ (c ◦ a)

〉
,

F(12) =
〈
a ◦ (b ◦ c), a ◦ (c ◦ b), b ◦ (c ◦ a)

〉
.
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Hence,

F3 = F(2) ⊇ F(12).

Definition. Let α, β � n. We say that β is predecessor of α and write α � β, if α > β

and there is no γ � n such that α > γ > β.
Since the relation ≤ is a lexicographic order on a set of partitions of n, it is a linear 

order. Therefore we are able to sort all elements of Par(n) in decreasing order,

Par(n) = {α1, . . . , αp(n)}

It is clear that the maximal element of Par(n) will be α1 = (n) and the minimal element 
will be αp(n) = (1n), so

(n) = α1 � α2 � · · · � αp(n) =
(
1n

)
.

The filtration

Fn+1 = Fα1 ⊇ Fα2 ⊇ · · · ⊇ Fαp(n)

induces a grading on Fn+1,

Fαi
= Fαi

/Fαi+1 .

It is clear that Fα is generated by classes of elements eα,f , where f runs Novikov fillings 
of α. In particular,

F(1n) = F(1n).

The aim of the following section is to prove that these filtrations and gradings are 
compatible with the action of symmetric group.

5. Sn+1-submodules of a multilinear part of a free Novikov algebra

We consider Fn+1 as Sn+1-modules with a natural action

σX(a1, . . . , an+1) = X(aσ(1), . . . , aσ(n+1)).

In this section we prove that Fα is an Sn+1-submodule of Fn+1 for any α � n. Then, 
Fα as a factor-module will have Sn+1-module structure as well. Therefore, Fn+1 will be 
a direct sum of submodules Fα. We will see that Fα is isomorphic to a permutation 
module Mw(α).
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Lemma 5.1. For any a1, . . . , an ∈ Ω,

deg
((
· · ·

((
· · · (a1 ◦ a2) · · ·

)
◦ (ak ◦ ak+1)

)
· · ·

)
◦ an

)
< deg

((
· · ·

(((
· · · (a1 ◦ a2) · · ·

)
◦ ak

)
◦ ak+1

)
· · ·

)
◦ an

)
.

In particular, (
· · ·

((
· · · (a1 ◦ a2) · · ·

)
◦ (ak ◦ ak+1)

)
· · ·

)
◦ an

≤
(
· · ·

(((
· · · (a1 ◦ a2) · · ·

)
◦ ak

)
◦ ak+1

)
· · ·

)
◦ an.

Proof. We use an induction on n. If n = 3, then it is trivial. Assume that our statement 
is true for n −1 elements. We prove our lemma for n by induction on n −k = 1, . . . , n −1.

Base of induction. Let n − k = 1. By left-commutative rule((
· · · (a1 ◦ a2) · · ·

)
◦ an−2

)
◦ (an−1 ◦ an) = an−1 ◦

(((
· · · (a1 ◦ a2) · · ·

)
◦ an−2

)
◦ an

)
.

On the other hand

deg
(
an−1 ◦

(((
· · · (a1 ◦ a2) · · ·

)
◦ an−2

)
◦ an

))
= (n− 2, 1) < (n− 1) = deg

((
· · · (a1 ◦ a2) · · ·

)
◦ an

)
.

Therefore,

deg
(((

· · · (a1 ◦ a2) · · ·
)
◦ an−2

)
◦ (an−1 ◦ an)

)
< deg

((((
· · · (a1 ◦ a2) · · ·

)
◦ an−2

)
◦ an−1

)
◦ an

)
.

So, base of induction is established.
Assume that the proposition is true for n − k − 1, i.e.

deg
((
· · ·

((
· · · (a1 ◦ a2) · · ·

)
◦ (ak+1 ◦ ak+2)

)
· · ·

)
◦ an

)
< deg

((
· · ·

(((
· · · (a1 ◦ a2) · · ·

)
◦ ak+1

)
◦ ak+2

)
· · ·

)
◦ an

)
.

We want to show the following inequality

deg
((
· · ·

((
· · · (a1 ◦ a2) · · ·

)
◦ (ak ◦ ak+1)

)
· · ·

)
◦ an

)
< deg

((
· · ·

(((
· · · (a1 ◦ a2) · · ·

)
◦ ak

)
◦ ak+1

)
· · ·

)
◦ an

)
.

Let

X =
(
· · · (a1 ◦ a2) · · ·

)
◦ ak−1, Y = ak ◦ ak+1, Z = ak+2.

By right-symmetric rule
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(X ◦ Y ) ◦ Z = X ◦ (Y ◦ Z) −X ◦ (Z ◦ Y ) + (X ◦ Z) ◦ Y,

and

(
· · ·

((
(X ◦ Y ) ◦ Z

)
◦ ak+3

)
· · ·

)
◦ an

=
(
· · ·

((
X ◦ (Y ◦ Z)

)
◦ ak+3

)
· · ·

)
◦ an −

(
· · ·

((
X ◦ (Z ◦ Y )

)
◦ ak+3

)
· · ·

)
◦ an

+
(
· · ·

(((
(X ◦ Z) ◦ Y

))
◦ ak+3

)
· · ·

)
◦ an.

So,

(
· · ·

((
(X ◦ Y ) ◦ Z

)
◦ ak+3

)
· · ·

)
◦ an = A−B + C, (1)

where

A =
(
· · ·

((
X ◦ (Y ◦ Z)

)
◦ ak+3

)
· · ·

)
◦ an,

B =
(
· · ·

((
X ◦ (Z ◦ Y )

)
◦ ak+3

)
· · ·

)
◦ an

and

C =
(
· · ·

(((
(X ◦ Z) ◦ Y

))
◦ ak+3

)
· · ·

)
◦ an.

Let us prove that

deg(C) < deg
((
· · ·

(((
· · · (a1 ◦ a2) · · ·

)
◦ ak

)
◦ ak+1

)
· · ·

)
◦ an

)
(2)

By inductive suggestion on n − k

deg
((
· · ·

(((
· · · (a1 ◦ a2) · · ·

)
◦ ak+1

)
◦ ak+2

)
· · ·

)
◦ an

)
> deg

((
· · ·

((((
· · · (a1 ◦ a2) · · ·

)
◦ ak−1

)
◦ ak

)
◦ (ak+1 ◦ ak+2)

)
· · ·

)
◦ an

)
.

Therefore,

deg
((
· · ·

(((((
· · · (a1 ◦ a2) · · ·

)
◦ ak−1

)
◦ ak+2

)
◦ ak

)
◦ ak+1

)
· · ·

)
◦ an

)
> deg

((
· · ·

((((
· · · (a1 ◦ a2) · · ·

)
◦ ak−1

)
◦ ak+2

)
◦ (ak ◦ ak+1)

)
· · ·

)
◦ an

)
.

Since

deg
((
· · ·

(((
· · · (a1 ◦ a2) · · ·

)
◦ ak+1

)
◦ ak+2

)
· · ·

)
◦ an

)
= (n− 1)

is the highest degree,
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deg
((
· · ·

(((
· · · (a1 ◦ a2) · · ·

)
◦ ak+1

)
◦ ak+2

)
· · ·

)
◦ an

)
≥ deg

((
· · ·

(((((
· · · (a1 ◦ a2) · · ·

)
◦ ak−1

)
◦ ak+2

)
◦ ak

)
◦ ak+1

)
· · ·

)
◦ an

)
Thus

deg
((
· · ·

(((
· · · (a1 ◦ a2) · · ·

)
◦ ak+1

)
◦ ak+2

)
· · ·

)
◦ an

)
> deg

((
· · ·

((((
· · · (a1 ◦ a2) · · ·

)
◦ ak−1

)
◦ ak+2

)
◦ (ak ◦ ak+1)

)
· · ·

)
◦ an

)
= deg(C).

So, (2) is proved.
Let us prove that

deg(B) < deg(C), (3)

deg(A) < (n− 1). (4)

We consider ak ◦ ak+1 as one element Y = ak ◦ ak+1. Then we can consider A and B as 
products of n − 1 elements and we can use inductive suggestion on n. So,

deg(B) = deg
((
· · ·

((
X ◦ (Z ◦ Y )

)
◦ ak+3

)
· · ·

)
◦ an

)
< deg

((
· · ·

(((
(X ◦ Z) ◦ Y

))
◦ ak+3

)
· · ·

)
◦ an

)
= deg(C)

This is relation (3).

deg(A) = deg
((
· · ·

((
X ◦ (Y ◦ Z)

)
◦ ak+3

)
· · ·

)
◦ an

)
< deg

((
· · ·

((
(X ◦ Y ) ◦ Z

)
◦ ak+3

)
· · ·

)
◦ an

)
≤ (n− 1).

This is relation (4). By (2), (3) and (4)

deg C ≤ (n− 2, 1), deg B < (n− 2, 1), deg A ≤ (n− 2, 1).

By Proposition 4.1,

deg(A−B + C) ≤ (n− 2, 1) < (n− 1)

= deg
((
· · ·

(((
· · · (a1 ◦ a2) · · ·

)
◦ ak

)
◦ ak+1

)
· · ·

)
◦ an

)
.

Our lemma is proved completely. �
Lemma 5.2. For elements A1, . . . , An and A′

1, . . . , A
′
n, of the following forms

A′
i =

(
· · ·

((
· · · (ai,1 ◦ ai,2) · · ·

)
◦ (ai,k ◦ ai,k+1)

)
· · ·

)
◦ ai,ni

and

Ai =
(
· · ·

(((
· · · (ai,1 ◦ ai,2) · · ·

)
◦ ai,k

)
◦ ai,k+1

)
· · ·

)
◦ ai,ni

,
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where ai,j ∈ Ω, the following inequality holds

deg
(
An ◦

(
· · ·

(
A′

i ◦
(
· · · (A2 ◦A1) · · ·

))
· · ·

))
< deg

(
An ◦

(
· · ·

(
Ai ◦

(
· · · (A2 ◦A1) · · ·

))
· · ·

))
.

Proof. By Lemma 5.1 deg(A′
i ◦ a1,n1) < deg(Ai ◦ a1,n1) = (ni). Then

deg
(
A′

i ◦ a1,n1

)
= α = (α1, . . . , αm) � ni,

such that α1 < ni.
Suppose that

A′
i ◦ a1,n1 =

∑
f

λfeα,f + . . . +
∑
g

λgeβ,g (5)

where α > · · · > β, and f , g run through Novikov fillings. Let

eα,f = Cαm
◦
(
· · · (Cα2 ◦ Cα1) · · ·

)
(6)

where Cαj
= (· · · (cj,1 ◦ cj,2) · · ·) ◦ cj,αj

and {c1,1, . . . , cm,αm
} = {ai,1, . . . , ai,ni

, a1,1}. Let 
B1 = (· · · (a1,1 ◦ a1,2) · · ·) ◦ a1,n1−1, then A1 = B1 ◦ a1,n1 . So,

deg
(
An ◦

(
· · ·

(
A2 ◦ (B1 ◦ eα,f )

)
· · ·

))
(by (6))

= deg
(
An ◦

(
· · ·

(
A2 ◦

(
B1 ◦

(
Cαm

◦
(
· · · (Cα2 ◦ Cα1) · · ·

))))
· · ·

))
(by definition of degree)

< deg
(
An ◦

(
· · ·

(
A2 ◦

(
B1 ◦ (Ai ◦ a1,n1)

))
· · ·

))
(by left-commutativity rule)

= deg
(
An ◦

(
· · ·

(
Ai ◦

(
· · · (A2 ◦A1) · · ·

))
· · ·

))
. (7)

Hence,

deg
(
An ◦

(
· · ·

(
A′

i ◦
(
· · ·

(
A2 ◦ (B1 ◦ a1,n1)

)
· · ·

))
· · ·

))
(by left-commutativity rule)

= deg
(
An ◦

(
· · ·

(
A2 ◦

(
B1 ◦

(
A′

i ◦ a1,n1

)))
· · ·

))
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(by (5))

= deg
(∑

f

λfAn ◦
(
· · ·

(
A2 ◦ (B1 ◦ eα,f )

)
· · ·

)
+ . . .

+
∑
g

λgAn ◦
(
· · ·

(
A2 ◦ (B1 ◦ eβ,g)

)
· · ·

))

(by (7) and Proposition 4.1)

< deg
(
An ◦

(
· · ·

(
Ai ◦

(
· · · (A2 ◦A1) · · ·

))
· · ·

))
.

Lemma 5.2 is proved. �
For x, y ∈ Fn+1 we will write x ≡ y (mod Fβ) if x − y ∈ Fβ .

Lemma 5.3. Suppose that a permutation σ ∈ Sn+1 acts on eα,f such that each element 
in eα,f remains in its own block. Then

σeα,f ≡ eα,f (mod Fβ),

otherwise,

σeα,f ≡ eα,g (mod Fβ),

where α � β and f 	= g.

Corollary 5.4. Fα and Fα are Sn+1-modules.

Proof of Lemma 5.3. Let α = (n1, . . . , nl) � n and Yα̃,f be a Novikov tableau

f1,1 f1,2 · · · · · · · · · f1,n1 f1,n1+1
f2,1 f2,2 · · · · · · f2,n2
...

... · · ·
...

fl,1 fl,2 · · · fl,nl

where fi,j ∈ Ω, and eα,f is the corresponding base element. Let B0,f , B1,f , B2,f , . . . be
block sequences of eα,f .

Since any permutation is a composition of transpositions, it is enough to consider the 
case when σ is a transposition. Suppose that σ = (i, j) is transposition that moves i to j

and j to i. There might be two cases: ai and aj are in one block or in different blocks 
of eα,f .

Let us consider the case when ai, aj are in one block, say, Bq,f . This case we divide 
into two subcases: q = 0 and q > 0.
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Case q = 0. Then as and at might be in one row or in two different rows of B0. If 
they are in one row, in order to obtain eα,f from σeα,f , we use right-symmetric rule for 
σeα,f and by Lemma 5.2 we obtain

σeα,f ≡ eα,f (mod Fβ).

If they are in two different rows, then by left-commutativity rule we can assume that 
these rows are top first and second rows of eα,f . Therefore, in this case we can assume 
that the base element eα,f has a form A2 ◦A1, with A1 and A2 as in Lemma 5.2.

Let us adopt the following notation

f̃i,k =
(
· · · (fi,1 ◦ fi,2) · · ·

)
◦ fi,k.

Suppose that σ permutes the elements f1,s = ai and f2,t = aj . Then

σeα,f = σ(A2 ◦A1)

= σ
(((

· · ·
(
(f̃2,t−1 ◦ aj) ◦ f2,t+1

)
· · ·

)
◦ f2,n2

)
◦
((
· · ·

(
(f̃1,s−1 ◦ ai) ◦ f1,s+1

)
· · ·

)
◦ f1,n1

))
=

((
· · ·

(
(f̃2,t−1 ◦ ai) ◦ f2,t+1

)
· · ·

)
◦ f2,n2

)
◦
((
· · ·

(
(f̃1,s−1 ◦ aj) ◦ f1,s+1

)
· · ·

)
◦ f1,n1

)
(by right-symmetric rule applied for the first and the second row elements and by 
Lemma 5.2)

≡
(((

· · · (f̃2,t−1 ◦ f2,t+1) · · ·
)
◦ f2,n2

)
◦ ai

)
◦
(((

· · · (f̃1,s−1 ◦ f1,s+1) · · ·
)
◦ f1,n1

)
◦ aj

)
(mod Fβ)

(by left-commutative rule)

=
((
· · · (f̃1,s−1 ◦ f1,s+1) · · ·

)
◦ f1,n1

)
◦
((((

· · · (f̃2,t−1 ◦ f2,t+1) · · ·
)
◦ f2,n2

)
◦ ai

)
◦ aj

)
(mod Fβ)

(by right-symmetric rule and by Lemma 5.2)

≡
((
· · · (f̃1,s−1 ◦ f1,s+1) · · ·

)
◦ f1,n1

)
◦
((((

· · · (f̃2,t−1 ◦ f2,t+1) · · ·
)
◦ f2,n2

)
◦ aj

)
◦ ai

)
(mod Fβ)

(by left-commutative rule)

=
(((

· · · (f̃2,t−1 ◦ f2,t+1) · · ·
)
◦ f2,n2

)
◦ aj

)
◦
(((

· · · (f̃1,s−1 ◦ a1,s+1) · · ·
)
◦ f1,n1

)
◦ ai

)
(mod Fβ)
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(by right-symmetric rule applied for the first and the second row elements and by 
Lemma 5.2)

≡
((
· · ·

(
(f̃2,t−1 ◦ aj) ◦ f2,t+1

)
· · ·

)
◦ f2,n2

)
◦
((
· · ·

(
(f̃1,s−1 ◦ ai) ◦ f1,s+1

)
· · ·

)
◦ f1,n1

)
(mod Fβ)

= eα,f (mod Fβ).

So, permutation of any two elements of eα,f in B0,f again gives eα,f modulo Fβ .
Case q > 0. Let ai, aj ∈ Bq,f for q > 0. Recall that σ permutes fs,1 = ai and ft,1 = aj . 

Let us show calculations in terms of Novikov tableau. We have

σYα̃,f = σ

f1,1 f1,2 · · · · · · · · · f1,n1 f1,n1+1
...

... · · ·
...

ai fs,2 · · · · · · fs,ns

...
... · · ·

...
aj ft,2 · · · · · · ft,nt

...
... · · ·

...
fl,1 fl,2 · · · fl,nl

(since q > 0, here in fact ns = nt)

=

f1,1 f1,2 · · · · · · · · · f1,n1 f1,n1+1
...

... · · ·
...

aj fs,2 · · · · · · fs,ns

...
... · · ·

...
ai ft,2 · · · · · · ft,nt

...
... · · ·

...
fl,1 fl,2 · · · fl,nl

(by left-commutative rule)

=

f1,1 f1,2 · · · · · · · · · f1,n1 f1,n1+1
...

... · · ·
...

ai ft,2 · · · · · · ft,nt

...
... · · ·

...
aj fs,2 · · · · · · fs,ns

...
... · · ·

...

fl,1 fl,2 · · · fl,nl
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(by case q = 0)

≡

f1,1 f1,2 · · · · · · · · · f1,n1 f1,n1+1
...

... · · ·
...

ai fs,2 · · · · · · fs,ns

...
... · · ·

...
aj ft,2 · · · · · · ft,nt

...
... · · ·

...
fl,1 fl,2 · · · fl,nl

(mod Fβ)

≡ Yα̃,f (mod Fβ).

So, we have proved the first part of our lemma.
Now, suppose that ai ∈ Bp,f and aj ∈ Bq,f for p 	= q. Then p-th and q-th block 

sequences of σeα,f become Bp,g and Bq,g for some filling g such that g 	= f . The filling g

might not be Novikov. If g is not Novikov, then take a permutation τ that sorts block 
sequences Bp,g and Bq,g in increasing order, so

σeα,f = τ−1eα,g ≡ eα,g (mod Fβ)

where τ−1 acts on eα,g such that all elements remain in their own blocks and f 	= g. By 
the first part of our lemma

σeα,f ≡ eα,g (mod Fβ).

Our lemma is proved completely. �
6. Permutation submodules of Novikov algebras

We recall briefly some facts about permutation module (details see in [8,10]). Suppose 
that λ � n. A Young tableau t of shape λ, is a Young diagram of λ with boxes filled by 
numbers 1, 2, . . . , n, such that each number occurs exactly once. In this case, we say that 
t is a λ-tableau. For example, the list of tableaux of shape (2, 1) is

1 2,
3

2 1,
3

1 3,
2

3 1,
2

2 3,
1

3 2.
1

Two λ-tableaux t1 and t2 are row equivalent, denoted t1 ∼ t2, if the corresponding 
rows of the two tableaux contain the same elements. The λ-tabloid is an equivalence 
class,

{t} = {t1 | t1 ∼ t}.
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For example,

1 2 3 5
4 6 7
8

∼
1 5 2 3
7 4 6
8

�

7 5 2 1
3 4 6
8

Recall that σ ∈ Sn acts on a tableau t = (ti,j) of a shape λ � n as follows:

σt =
{
σ(ti,j)

}
.

This action of Sn on tableaux induces its action on tabloids.

Definition. Suppose λ � n. Let Mλ = C{{t1}, {t2}, . . . , {tk}} where {t1}, {t2}, . . . , {tk}
is a complete list of λ-tabloids. Then Mλ is called the permutation module of shape λ.

Recall that for any partition α � n its weight w(α) gives us a partition of n + 1. 
Therefore, we are able to consider Mw(α) as an Sn+1-module.

Lemma 6.1. Let α � n. The following isomorphism of Sn+1-modules takes place

Fα
∼= Mw(α).

Proof. Let eα,f ∈ Fα. Then for any σ ∈ Sn+1

σeα,f ≡ eα,g (mod Fα)

where f , g are some Novikov fillings. By Lemma 5.3, f = g if σ keeps the elements of eα,f
in their blocks, otherwise we obtain g 	= f . Then we can consider each block of eα,f as 
a row of Young tabloid. Suppose the block sequences of eα,f are B0,f , B1,f , . . . , Bs,f . In 
order to get one-to-one correspondence between eα,f and Young tabloids of shape w(α), 
we put all block sequences in one column and sort them first by their lengths, and then 
sort them by indices of blocks if two blocks have the same lengths.

sort

⎧⎪⎪⎪⎨⎪⎪⎪⎩
B0,f
B1,f
...
Bs,f

This construction shows that Fα is isomorphic to permutation module Mw(α). �
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Example. Let us consider Novikov tableau of the following form

Y
˜(5,42,2,13),f

=

a1 a10 a12 a13 a14 a16
a11 a6 a8 a9
a7 a3 a4 a5
a15 a2
a17
a18
a19

Its block sequences are B0,f = a2a3a4a5a6a8a9a10a12a13a14a16, B1,f = a1, B2,f =
a7a11, B3,f = a15, B4,f = a17a18a19.

To Y
˜(5,42,2,13),f

corresponds the following Young tableau

sort

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
B0,f
B1,f
B2,f
B3,f
B4,f

=

a2 a3 a4 a5 a6 a8 a9 a10 a12 a13 a14 a16
a17 a18 a19
a7 a11
a1
a15

We have got the Young tabloid of shape (12, 3, 2, 12).

7. Proof of Theorem 2.1 parts a and b

Let α � n. Recall that induced module IndSn

Sα
(1) is isomorphic to the permutation 

module Mα (details see in [7], [8] or [10]). Then by Lemma 6.1

Fα
∼= IndSn

Sw(α)
(1).

Since as Sn+1-modules,

Fn+1 ∼=
⊕
α�n

Fα

we obtain the following isomorphism of Sn+1-modules

Fn+1 ∼=
⊕
α�n

IndSn+1
Sw(α)

(1).

By Young’s rule,

IndSn

Sw(α)
(1) =

⊕
β�w(α)

Kβw(α)S
β .

Hence,
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Fn+1 ∼=
⊕
α�n

⊕
β�w(α)

Kβw(α)S
β ,

and

Fn+1 ∼=
⊕

β�n+1

(∑
α�n

Kβw(α)

)
Sβ .

8. Proof of Theorem 2.1 part c

By Theorem 2.1 part b, β = (β1, . . . , βk) � n + 1 is Novikov admissible if and only if ∑
α�n Kβw(α) 	= 0. Note that 

∑
α�n Kβw(α) 	= 0 if and only if there is an α � n so that 

β � w(α). In this section we prove that for β = (β1, . . . , βk) � n + 1 there exists α � n

so that β � w(α) if and only if

β1 − 1 ≥ β3 + 2β4 + . . . + (k − 2)βk.

To prove this statement we need some preliminary facts.

Lemma 8.1. Let λ1 ≥ λ2 ≥ . . . ≥ λn ≥ 1. Then

λ1 + 2λ2 + . . . + nλn ≤ λσ(1) + 2λσ(2) + . . . + nλσ(n)

for any σ ∈ Sn.

Proof. It is sufficient to prove this statement for a transposition σ = (i, j) ∈ Sn, where 
1 ≤ i < j ≤ n. We have

λ1 + . . . + iλσ(i) + . . . + jλσ(j) + . . . + nλn

= λ1 + . . . + iλj + . . . + jλi + . . . + nλn

= λ1 + . . . + jλj − (j − i)λj + . . . + iλi + (j − i)λi + . . . + nλn

= λ1 + . . . + iλi + . . . + jλj + . . . + nλn + (j − i)(λi − λj)

≥ λ1 + . . . + iλi + . . . + jλj + . . . + nλn. �
Lemma 8.2. Let β = (β1, . . . , βk) � n + 1. If β3 + 2β4 + . . . + (k − 2)βk > β1 − 1 then 
β /∈ Im w.

Proof. Let β = (β1, . . . , βk) � n + 1 and assume that β ∈ Im w. Then, there exists 
a partition α = (nin , . . . , 2i2 , 1i1) � n such that

w(α) = sort
(
n + 1 −

n∑
ij , i1, i2, . . . , in

)
= (β1, . . . , βk)
j=1



A.S. Dzhumadil’daev, N.A. Ismailov / Journal of Algebra 416 (2014) 287–313 309
and

β1 = max
{
i1, n + 1 −

n∑
j=1

ij

}
.

Set i2 = β3, . . . , ik−1 = βk, ik = 0, . . . , in = 0, then

n + 1 −
n∑

j=1
ij = 1 + β3 + 2β4 + . . . + (k − 2)βk.

By Lemma 8.1 we obtain the minimal value of n +1 −
∑n

j=1 ij . So, we have a contradiction
to the assumption of our lemma

n + 1 −
n∑

j=1
ij > β1. �

Lemma 8.3. Let β = (β1, . . . , βk) � n + 1. There is a γ ∈ Im w such that β � γ if and 
only if

β1 − 1 ≥ β3 + 2β4 + . . . + (k − 2)βk.

Proof. Suppose that γ = (γ1, . . . , γl) ∈ Im w. Then by Lemma 8.2

γ1 − 1 ≥ γ3 + 2γ4 + . . . + (l − 2)γl.

We show that if β � γ, then

β1 − 1 ≥ β3 + 2β4 + . . . + (k − 2)βk.

Since k ≤ l,

β1 − 1 ≥ γ1 − 1 ≥ γ3 + 2γ4 + . . . + (l − 2)γl
= (γ3 + . . . + γl) + (γ4 + . . . + γl) + . . . + γl

= (n + 1 − γ1 − γ2) + (n + 1 − γ1 − γ2 − γ3) + . . .

+ (n + 1 − γ1 − γ2 − . . .− γl−1)

≥ (k − 2)(n + 1) − (β1 + β2) − (β1 + β2 + β3) − . . .− (β1 + β2 + . . . + βk−1)

= (k − 2)(β1 + . . . + βk) − (β1 + β2) − . . .− (β1 + β2 + . . . + βk−1)

= β3 + 2β4 + . . . + (k − 2)βk.

Conversely, suppose that β = (β1, . . . , βk) � n + 1 satisfies
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β1 − 1 ≥ β3 + 2β4 + . . . + (k − 2)βk.

Let us denote

m = β1 − 1 − β3 − 2β4 − . . .− (k − 2)βk.

Suppose that m = 0. Then set

i1 = β2, i2 = β3, . . . , ik−1 = βk, ik = 0, . . . , in = 0.

So, we obtain

α =
(
(k − 1)βk , . . . , 2β3 , 1β2

)
� n,

and its weight is

w(α) = β.

Since β � β,

γ = β.

Now suppose that m ≥ 1. Then for any j, set ij = 0, except

i1 = β2, . . . , ik−2 = βk−1, ik−1 = βk − 1, ik+m−1 = 1.

So, we obtain

α =
(
k + m− 1, (k − 1)βk−1, . . . , 2β3 , 1β2

)
� n,

and its weight is

w(α) = (β1, . . . , βk−1, βk − 1, 1).

Since β � (β1, . . . , βk−1, βk − 1, 1),

γ = (β1, . . . , βk−1, βk − 1, 1). �
9. Proof of Corollary 2.2

In order to get GL(V )-module for Nn+1, we write

Nn+1 ∼= V ⊗(n+1) ⊗K[Sn+1] Fn+1.
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Recall that for permutation Sn+1-module IndSn+1
Sμ

(1) as GL(V )-module (formula (6.25)
in [7]) we have

V ⊗(n+1) ⊗K[Sn+1] IndSn+1
Sμ

(1) ∼=
⊗
μi∈μ

Symμi V

where μ = (μ1, . . . , μk) � n + 1 and Symμi V is the symmetric power of V . By part a of 
Theorem 2.1, we obtain

Nn+1 ∼=
⊕
α�n

⊗
wi∈w(α)

Symwi V

as GL(V )-module and by part b of Theorem 2.1, we obtain

Nn+1 ∼= V ⊗(n+1) ⊗K[Sn+1] Fn+1 ∼=
⊕

β�n+1

(∑
α�n

Kβw(α)

)(
V ⊗(n+1) ⊗K[Sn+1] S

β
)

=
⊕

β�n+1

(∑
α�n

Kβw(α)

)
Sβ(V ).

10. Proof of Corollary 2.4

a. Since K(n+1)β = 1 for any β � n + 1,

∑
α�n

K(n+1)w(α) = p(n).

b. Let β = (n + 1 − l, 1l) � n + 1. If w(α) has k + 1 parts, then

Kβw(α) =
(
k

l

)
.

Note that by definition of weight we can say that w(α) has k + 1 parts if and only 
if α has k different parts. Therefore,

∑
α�n

Kβw(α) =
∑
k≥l

p(n, k)
(
k

l

)

where p(n, k) is the number of partitions of n into k different parts [2].
c. Let β = (β1, β2) � n +1. Then βi = 0, if k > 2. Note that β1−1 ≥ 0. By Theorem 2.1c 

β is Novikov admissible.
d. Let β = (lk) and k > 2. Then β1 = l, β2 = l, . . . , βk = l. Note that β1 − 1 <

β3 + . . . + (k − 2)βk. By Theorem 2.1c β is not Novikov admissible.
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11. Proof of Corollary 2.5

For λ = (λ1, λ2, . . . , λl), μ = (μ1, μ2, . . . , μm) � n, the symmetric polynomial pλ(x1,

x2, . . . , xm) can be seen as a generating function for character value on a fixed conjugacy 
class Kλ of Mμ (for details see [10]). Therefore,

χ(λ) =
∑
α�n

C
(
λ,w(α)

)
.

12. Sn-module structures for n ≤ 10

In the following table all Novikov admissible partitions β and multiplicities mβ of 
corresponding irreducible modules to β in Fn for 1 ≤ n ≤ 10 are given. Recall that Fn

is a multilinear part of a free Novikov algebra with n generators.

β mβ β mβ β mβ β mβ β mβ

(1) 1 (5, 1) 12 (7, 1) 30 (6, 3) 31 (7, 2, 1) 52
(2) 1 (4, 2) 8 (6, 2) 27 (6, 2, 1) 29 (7, 13) 10
(12) 1 (4, 12) 5 (6, 12) 17 (6, 13) 5 (6, 4) 30
(3) 2 (32) 3 (5, 3) 17 (5, 4) 15 (6, 3, 1) 34
(2, 1) 2 (3, 2, 1) 3 (5, 2, 1) 15 (5, 3, 1) 16 (6, 22) 12
(4) 3 (7) 11 (5, 13) 2 (5, 22) 6 (6, 2, 12) 8
(3, 1) 4 (6, 1) 19 (42) 5 (5, 2, 12) 3 (52) 10
(22) 1 (5, 2) 16 (4, 3, 1) 7 (42, 1) 5 (5, 4, 1) 15
(2, 12) 1 (5, 12) 9 (4, 22) 2 (4, 3, 2) 3 (5, 3, 2) 8
(5) 5 (4, 3) 8 (4, 2, 12) 1 (4, 3, 12) 1 (5, 3, 12) 3
(4, 1) 7 (4, 2, 1) 7 (32, 2) 1 (10) 30 (5, 22, 1) 1
(3, 2) 4 (4, 13) 1 (9) 22 (9, 1) 67 (42, 2) 2
(3, 12) 2 (32, 1) 2 (8, 1) 45 (8, 2) 72 (42, 12) 1
(22, 1) 1 (3, 22) 1 (7, 2) 46 (8, 12) 47 (4, 32) 1
(6) 7 (8) 15 (7, 12) 28 (7, 3) 55

Example.

F4 = 3S(4) ⊕ 4S(3,1) ⊕ S(22) ⊕ S(2,12).
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