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ZINBIEL ALGEBRAS UNDER ¢-COMMUTATORS

A. S. Dzhumadil’daev UDC 512.552

ABSTRACT. An algebra with the identity ¢1 (t2ts) = (t1t2+1t2t1)ts is called Zinbiel. For example, C[z] under
the multiplication aob = b [ adz is Zinbiel. Let aoqb = aob+ gboa be a g-commutator, where ¢ € C. We
0

prove that for any Zinbiel algebra A the corresponding algebra under the commutator AV = (A, 0_1)
satisfies the identities t1ta = —tot1 and (t1t2)(tsta) + (t1ta)(tste) = jac(t1, t2, t3)ta + jac(t1, ta, t3)te, where
jac(ti,ta,ts3) = (tate)ts + (tats)t1 + (tst1)t2. We find basic identities for ¢-Zinbiel algebras and prove that
they form varieties equivalent to the variety of Zinbiel algebras if ¢* # 1.

1. Introduction

Zinbiel algebras appear in control theory and in the cohomology theory of Leibniz algebras. An
algebra A = (A, o) with vector space A and multiplication o is called (right)-Zinbiel if it satisfies the
condition

ao(boc)=(aob+boa)oc

for any a,b,c € A [1,2,4,5]. Sometimes Zinbiel algebras are called Leibniz dual algebras or chronological
algebras.

x

xX
Example. The algebra A = C[z] with multiplication aob =0 [adz or acb= [ E%(a)b dz is right-Zinbiel.

0 0

For simplicity, we assume that all polynomials and vector fields are defined over the field of complex
numbers C. In fact, almost all of our results hold for any field K of characteristic p # 2,3. For ¢ € C, we
define the g-commutator on A by

aogb=aob+qboa.
For example,

ao_1b=aob—boa=]a,b (the commutator),

aojb=aob+boa={a,b} (the anti-commutator).

Let A be an algebra with vector space A and multiplication 4.

Denote by 3inbiel the category of Zinbiel algebras. Let 3inbiel@, g € C, be the category of ¢g-Zinbiel
algebras. In other words, the objects of 3inbiel?) are algebras of the form A@, where A € 3inbiel.

The aim of our paper is to find identities for 3inbiell?. The case q = 1 was considered in [5]. Namely,
it was established that any Zinbiel algebra under an anti-commutator is associative and commutative. In
our paper, we prove that any Zinbiel algebra under a commutator satisfies one identity of degree 4 (we
denote it tortkara), and this identity is a Lie identity. Here we call an identity Lie if it does not follow
from the skew-symmetric identity and it is minimal among such identities. For g # £1, we prove that the
class 3inbiel@ forms a variety, and we find its basic identities. Moreover, we establish that this variety
is equivalent to the variety 3inbiel. We show that basic identities for 3inbiel@ differ in the cases q= -2
and ¢ # £1, —2.
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From our results, it follows that the algebra (C[z], o), where

aob—a/bd:r,
0

is Zinbiel and the corresponding algebra under a commutator satisfies the identity tortkara = 0.
Another application: the algebra (C[z],¢) with the multiplication

aocb= /8(a)bdac,
0

where 0 = 8%7 is also Zinbiel, and the corresponding algebra under the commutator
la,b] = / (0(a)b — ad(b)) dz
0

satisfies the identity tortkara = 0.
We find identities for the algebra (C[z], ), where

vevma [([rir)ar

0 0

It is not Zinbiel, but the corresponding algebra under a commutator satisfies the identity tortkara = 0.

2. Main Results

Let f = f(t1,to,...,t;) be a nonassociative, noncommutative polynomial. Let A = (A, o) be an alge-
bra with vector space A and multiplication o. We say that f = 0 is an identity on A if f(ai,aq2,...,ar) =0
for any substitutions ¢;:=a; € A, where i = 1,2,..., k. Here we calculate f(aj,as,...ax) in terms of the
multiplication o.

Let, for example,

ass(tl, t2, t3) = tl(tth) — (tltg)tg (the associator).

Then any algebra with the identity ass = 0 is associative.

A class of algebras £ is called a variety with generating polynomial identities fi = 0, fo =0,... if
any algebra A € £ satisfies these identities and, inversely, any algebra with identities f; =0, fo =0, ...
belongs to £.

Let £ be a category of algebras with some polynomial identity. Denote by £@ the category of
algebras A@, where A € £.

If Ass is a category of associative algebras, then for any A € Ass, A1) is a Lie algebra. In other
words, A1) satisfies the skew-symmetric identity com = 0 and the Jacobi identity jac = 0, where

com(ty,ta) = tita + toty,
jac(tl, to, tg) = (tltg)tg + (t2t3)t1 + (t3t1)t2'

The Poincaré-Birkhoff-Witt theorem shows that Ass(—1) forms a variety and this variety is generated by
the identities com = 0 and jac = 0. Further, for any A € ss its anti-commutator algebra A is Jordan,
i.e., satisfies the commutativity identity anticom = 0 and the Jordan identity jor = 0, where

anticom(ty,te) = t1ty — toty,
jor(ti,to,ts,ty) = (t1ta)(tsta) + (t1ts)(tata) + (t1ta)(tats) — (t1(tsta))ta — (t1(tate))ts — (t1(tats))ts.
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But the category Ass(M) does not form a variety [6]. Algebras AWM gsatisfy some polynomial identities. The
basis of such identities is not known. There exists some algebra that satisfies all identities of ss"), but
it is not isomorphic to any subalgebra of any Jordan algebra of the form A, where A € Uss.

Let

Zinbie|(t1,t2, tg) = tl(tgtg) — (tltl + tztl)tg
be the (right)-Zinbiel polynomial. By a Zinbiel polynomial we understand a right-Zinbiel one unless

otherwise stated.
Let

zinbiel'@ = zinbiel @ (¢1, ty, t3)
= (1 - q— ¢*)ta(tats + tsta) — ta(tats + tat1) — t3(tata) + (1 + @)ts(tatr) + (2¢ + ¢°) (tata)ts,
) = zinbiel\? (t1, £, t3) = —ta(tst1) + ts(tatr) + q(trta)ts — q(trts)ts,
zinbiel ™ = zinbiell ) (t1, o, t3) = —3ta(t1ts + tsty) — 2ts(tita) — ts(tats) — (t1ta)ts + (fat1)ts.
We see that

zinbielgq

zinbiel®) = zinbiel.
Let
tortkara = tortkara (tl, to, 13, t4) = (tﬁ2)(t3t4) + (t1t4)(t3t2) — jac(tl, to, t3)t4 — jac(tl, t4, t3)t2.
Note that
tortkara (tl, to, t3, t4) = tortkara (tl, tq,ts, tg).

If we consider the polynomial tortkara as a skew-symmetric polynomial, i.e., the identity com = 0 is given,
then

tortkara(t1, ta, t3,t4) = —tortkara(ts, ta,t1,14),
tortkara(ty, to,ts, t4) + tortkara(ty, ts, ta, to) + tortkara(ty, t4, to, t3) = 0.
In our paper, we establish the following results.
Theorem 2.1. Let g% # 1. Then 3inbiel'? forms a variety. If ¢ # —2, then 3inbiel'? is generated by the
polynomial identity zinbiel @ = 0. If ¢ = —2, then 3inbiel"2) is generated by the identities zinbie|§_2) =0
and zinbielg_Q) = 0. The variety generated by the polynomial identity zinbiel@ = 0 is equivalent to

the variety 3inbiel if ¢ % —2. The variety generated by the polynomial identities zinbielg_Q) =0 and
zinbielg_Q) =0 for ¢ = —2 is equivalent to the variety 3inbiel.

Theorem 2.2. For any Zinbiel algebra (A, o), its Lie algebra (A, [, ]), where [a,b] = aob—boa, satisfies
the identity tortkara = 0. Any identity of degree 3 of the category 3inbiel(~ V) follows from the identity
com = 0. Any identity of degree 4 for the category Jinbiel(—) follows from the identities com = 0 and
tortkara = 0.

Theorem 2.3. The algebra (Clz], ), where
T T
axb= a/(/bdac)d:v,
0 0

(t1ta)ts — (t1t3)ta =0 (1)

satisfies the right-symmetry identity

and the identity of degree 4
(t1,to, [ta, ta]) + (L1, 3, [ta, t2]) + (11, ta, [t2, t3]) = 0. (2)



Let A be any algebra with identity (1) and the identity
(t1,to, [t3, t1]) + (t1, 3, [t1, t2]) + (t1, 11, [t2, t3]) = 0. (3)

Then its Lie algebra AV satisfies the identity tortkara = 0. In particular, any algebra with identities
(1) and (2) satisfies the identity tortkara = 0.

Thus, for g2 # 1 any algebra L € 3inbiel'? satisfies some polynomial identities and any algebra with
these identities can be obtained by some algebra A € 3inbiel as an algebra A@. More precisely, we

establish that zinbiel = 0 (if ¢ # —2) and zinbielg_Q) = 0 and zinbielg_Q) = 0 (if ¢ = —2) are generating
identities for 3inbiel?. We prove that

3inbiel = Var(3inbiel(?) if ¢ £ +1
and

Var(3inbiell?) = (zinbiel(@) if ¢ # —2, +1,
Var(3inbiel@) = (zinbiel! ™ zinbiel, ?)  if g = —2.

Moreover, the categories 3inbiel? and 3inbiel are equivalent if ¢ # 1. In other words, any algebra with
the identity zinbiel@ = 0 is isomorphic to an algebra of the form A for some A € 3inbiel if ¢ # —2, +1.
If ¢ = —2, then any algebra with the identities zinbielg_Q) =0 and zinbielé_Q)
Zinbiel algebra A as A(-2).

It should be interesting to study varieties of algebras with the identities zinbielgq) =0or zinbielg&) = 0.
We do not know whether the category 3inbiel V) forms a variety. It seems that Jinbiel~V) satisfies more
identities that do not follow from the identities com = 0 and tortkara = 0. It should be interesting also to
construct identities for (C[x], { }), where {a, b} = axb+bx*a is the anti-commutator for the multiplication .

= 0 can be obtained by some

Remark. Let
I’C0m(t1, t2,t3) = (t1t2)t3 — (t1t3)t2
be the right-commutativity polynomial and
genzinbiel(tl, to, t3) = zinbiel(tq, to, t3) — zinbiel(ts, t2, t1)

be the generalized Zinbiel polynomial. Then any algebra with the identities rcom = 0 and genzinbiel = 0
satisfies the identity (2). Hence such algebras under commutators satisfy the identity tortkara = 0.
Similar identities appear in considering Novikov algebras under an anti-commutator [3]. Let A = C[z]
and a * b = 0(a)b, where 0: Clz] — C[z] is the derivation:
Ozt =izl
Then (A, %) is a Novikov algebra:
ax(bxc—cxb)=(axb)*xc— (axc)x*b,

ax(bxc)=bx*(ax*c)

for any a,b,c € A. For any Novikov algebra (A4, ), its Jordan algebra (A, {, }), where {a,b} = axb+bxa,
is commutative and satisfies the identity tortken = 0, where

tortken(ty,ta, t3,t4) = (t1ta)(tata) — (t1ta)(tata) — (t1,t2,t3)ta + (t1,ta, t3)to,
(t1,t2,t3) = t1(tats) — (tite)ts.

For example, K [x] under the multiplication (a,b) — 0(ab) satisfies these identities.
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We do not know whether the algebra (C[z], [, ]) under the commutator [a,b] = axb—bxa is isomorphic
to a subalgebra of some algebra of the form A(~1, where A is a Zinbiel algebra. Recall that

a*b:a//bdxdx.
00

In our paper, we study g¢-identities for right-Zinbiel algebras. One can consider g-identities for left-
Zinbiel algebras:

(aob)oc=ao(boc+cob).

Note that any right-Zinbiel algebra (a,o) under opposite multiplication a o°® b = b o a can be made
left-Zinbiel. Similarly, the algebra (C[z], x°P) with opposite multiplication

oo ([ o)

([t1,t2], ta, ta) + ([t2, ta], t1,ta) + ([t3, t1], t2,ta) = 0.

Since [, |°P = —[, |, it is clear that its commutator algebra satisfies the identity tortkara = 0.

satisfies the identity

3. Why are zinbiel@, zinbiel”), and zinbiel{™? identities?
Lemma 3.1. Let A = (A, o) be any Zinbiel algebra. Then zinbielD = 0 is an identity on A9,
Proof. We have
zinbiel@ (a, b, ¢)

(1—q—q")aog (boge+cogb) —bog(aogc+coga)—coq(aoyb)

(1+q)eog (boga) +(2g +q*)(a ogb) o ¢
(1—q—q®ao(boc+cob)—bo(aoc+coa)—co(aob)+ (1+q)co(boa)

20+ )aob)oc+(1—qg—Palboc+cob)oa—glaoctcoa)ob—glaob)oc

(4 Qalboa)oct 20+ P)aco (aob) + (1 — g — @)gao (boc+ cob) —gho(coa+aod)
—geo(boa) +(1+q)geo(@ob) + (2g + Aalboa) o c+ (1 - g — A)P(boc+eob)oa
—¢*(aoc+coa)ob—g*(boa)oc+ (1+q)¢*(aob)oc+ (2¢+ ¢*)¢Pco (boa)

= Fo+ Fiq + Faq” + Fsq’ + Fag',

_l’_

_|_
_|_

where
Fy=ao(boc)+ao(cob)—bo(aoc)—bo(coa)—co(aob)+co(boa),
Fy =—bo(aoc)—bo(coa)+co(aob)+(aob)oc—(aoc)ob+ (boa)oc+ (boc)oa
—(coa)ob+ (cob)oa,
Fy=—2a0(boc)—2ao(cob)+3co(aob)+2(aob)oc—(aoc)ob+2(boa)oc—(coa)ob,
F3=—ao(boc)—ao(cob)+co(aob)+2co(boa)+ (aob)oc+ (boa)oc—2(boc)oa
—2(cob)oa,
Fy=co(boa)—(boc)oa— (cob)oa.
By the left-commutativity identity
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By the right-Zinbiel identity
Fy =—-bo(coa)+ (boc)oa+ (cob)oa+co(aob)—(aoc)ob— (coa)ob—bo(aoc)

+ (aob)oc+ (boa)oc=0,
Fy=—2a0(cob)+3co(aob)—(aoc)ob—(coa)ob—2ao(boc)+2(aob)oc+2(boa)oc=0,
F3=2co(boa)—2(boc)oa—2(cob)oa—ao(cob)+co(aob)—ao(boc)+ (aob)oc

+ (boa)oc=0,
Fy=co(boa)—(boc)oa—(cob)oa=0.

Lemma 3.2. Let A = (A, o) be any Zinbiel algebra. Then zinbieIgQ)

Proof.

=0 is an identity on A,

zinbielgq) (a,b,c)
= —bog(coga)+cog(boga)+q(aogb)ogc—q(aogc)ogb
= —bo(coa)+co(boa)+qlaob)oc—q(aoc)ob—q(coa)ob+qg(boa)oc
+¢*co(aob) —g*bo(aoc)—gbo(aoc)+qco(aob)+¢*(boa)oc—q*(coa)ob
— (coa)ob+qi(aob)octqco(boa)—g*bo(coa)
= Go + G1g + Gag” + Gs¢®,
where, by the right-Zinbiel identity,
GOZ—bo(coa)—{—co(boa)
——bo(aoc)+co(aob)+(
——bo(aoc)+co(aob)+(
(coa) (boa) =

aob)oc—(aoc)ob+ (boa)oc—(coa)ob=0,
aob)oc—(aoc)ob+ (boa)oc—(coa)ob=0,
3=—-bo(coa)+co(boa

Lemma 3.3. Let A = (A, o) be any Zinbiel algebra. Then zinbie|§_2)

Proof.

=0 is an identity on A2,

zinbiel. ™ (a, b, ¢)
=—3bo_g(ao_gc+co_ga)—2co_g(ao_yb)—co_g(bo_ga)—(ao_yb)o_gc
+(bo_ga)o_gc
= —3bo(aoc+coa)—2co(aob)—co(boa)—(aob)oc+ (boa)oc
+6(aocc+coa)ob+4(aob)oc+2(boa)oc+2co(aob)—2co(boa)
+6bo(aoc+coa)+4co(boa)+2co(aob)+2(boa)oc—2(aob)oc
—12(acc+coa)ob—8(boa)oc—4(aob)oc—4co(boa)+4co(aob)
= Hy + H + H3,
where, by the right-Zinbiel identity,
Hy=—-3bo(coa)—co(boa)—2co(boa)+6bo(coa)+4co(boa)—4co(boa)=0,
Hy = —2co(aob)+6(acc)ob+6(coa)ob+2co(aob)+2co(aob)
—12(aoc)ob—12(coa)ob+4co(aob) =6¢co(aob) —6(acc+coa)ob=0,
Hs = —3bo(aoc)—(aob)oc+ (boa)oc+4(aob)oc+2(boa)oc
+6bo(aoc)+2(boa)oc—2(aob)oc—8(boa)oc—4(aob)oc
=3bo(aoc)—3(aob)oc—3(boa)oc=0.
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4. Any g-Identity of Degree 3 Follows from zinbiel® Identities

Lemma 4.1. Let ¢> # 1. Any identity of degree 3 for the category 3inbiel? follows from the identity
zinbiel@ = 0 if ¢ # —2 and from the identities zmblelg 2 =0 and zmblelg 2 =0 ifq=

Proof. Let
X (t1,te,t3) = Ait1(tats) + Aata(tsty) + Asts(tite) + Aata(tits) + Asts(tat1) + Aeti(tsta)
+ )\7(751752)753 + Ag(tgtg)tl + )\9(t3t1)t2 + )\10(t2t1)t3 + /\11(t3t2)t1 + )\12(t1t3)t2

be a generic, noncommutative, nonassociative polynomial of degree 3. Substitute here, instead of param-
eters t1, to, and t3, elements a, b, and c of a Zinbiel algebra (A, o) and calculate X (a, b, c) in terms of the
multiplication o. Suppose that A is a free Zinbiel algebra with generators a, b, and c.

A free Zinbiel algebra in degree 3 has a 6-dimensional polylinear part with a basis

{(aob)oc, (boc)oa, (coa)ob, (boa)oec, (cob)oa, (aoc)ob}.

By the (right)-Zinbiel identity, other 6 right-bracketed elements are linear combinations of basic elements:

ao(boc)=(aob)oc+ (boa)oc,
bo(coa)=(boc)oa+ (cob)oa,
co(aob)=(coa)ob+ (aoc)ob,
ao(cob)=(aoc)ob+ (coa)oc,
bo(aoc)=(boa)oc+ (aob)oc,
co(boa)=(cob)oa+ (boc)oa
We obtain that
X(a,b,c)
= (A1 + @2 + gA3 + At + ¢ A5 + ghe + A7 + ghs + P X9 + g1 + ¢* A1 + ghiz)(aob) o e
+ (gA1 + X2 + A3+ gAa + gAs + A6 + gA7 + ¢°As + gAo + Ao + ghi1 + Mi2)(aoc)ob
+ (A1 F Qo+ A3+ M+ gAs + e + gA7 + gAs + 2 ho + Mo + 21+ ghi)(boa)oc
+ (g + A2+ gAs + gha + A5 + X6 + A7 + A + @ho + ghio + ¢An + ¢Phag)(boc)oa
+ (A1 + gh2 + A3+ A+ ghs 4+ A6 + gA7 4+ P As + Ao + ¢ A1 + gAi1 + ghiz)(coa) ob
F (A + A2+ qA3 4 qha + As + qAs + P A7 + qAs + Ao + ghio + A+ P Ai2)(cob) o a.

Therefore, X = 0 is an identity for 3inbiel? if and only if

A4 qAz + qA3 4+ A+ A5 + qhe + A + @hs + P Ao + gAhio + A1 + gz = 0,
qM + A2 + A3+ qha + s + As + gA7 + @ As 4 qAg + ¢P 1o + gAi1 + A2 = 0,
A4 qAz + P As + Aa 4 qAs + qhe + gA7 + @hs + P Xo + Ao + A1 + gAiz = 0,
gAML + A2+ qAs + gha + X5 + P X6 + P A7 + As 4 qAg + gAio + gAi1 + A2 = 0,
gM + A2 + A3+ P+ s+ Xe + gA7 + @ As + Ao + ¢*A1o + ghi1 + ghiz = 0,
A1+ A2 + Az + g+ As £ ghe + ¢PA7 + gAs 4 qho + ghio + At + A2 = 0.

We solve this system. It has 12 unknowns A;, i =1,2,...,12.
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Suppose that ¢ # 0, £1.
If ¢ # —2, then we can take the parameters \;, 7 < i < 12, as free and express the other parameters
as linear combinations of the free parameters:

1
AL = @t (=14 q+@)A7+As+ Ao+ Ao — (¢ + DAy + (=1 + g+ ¢*)A12),
1
Az = “i2+9) A7+ (=14 g+ )X+ Ao+ (=1 + g+ ¢*) Ao+ At — (1 +q)A12),
1
Az = — A+ As+ (—14+ g+ )X — (g+ 1DAo + (=1 + g+ ¢*) A1 + Ar2),
a2+ q)
1
Ay = CET) A+ (=14 g+ A — 1+ g+ (=14 g+ ¢*) Ao + A1 + A12),
1
As R (—(L+ DM+ As+ (=1 4+ g+ ) + Ao+ (=1 + ¢+ ¢*) A1 + A12),
A = R (=14 g+ ¢*)Ar — (L 4+ @)As + Ao + Ao + A1t + (=1 + g+ ¢*)A2).
Suppose now that ¢ = —2. We can choose \;, i = 6,8,9,10,11,12, as free parameters, and we can

find

1
A = 5(2A6 =+ /\8 — )\11),

1
A2 = 5(2/\6 —5Ag = 3X9 — 610 — 311 — A12),
)\3 — >\6 — )\8 - 3)\9 — 2A10 - 3>\117

5 3
A= N — 5)\8 —2Xg — 310 — 5)\117

1
A5 = 5(2/\6 — A8 — HAg — 2X10 — BA11 + A12),
A7 = —=A8 — Ag — Ao — A1 — A2,

Substitute these expressions for A’s in X (t1,t2,t3). We obtain that, if X = 0 is an identity on
3inbie[(‘”, then the polynomial X (1, t2,¢3) should be a linear combination of six polynomials:

fi=—=(=14q+@)ti(tats) — (=1 + g+ ¢*)t1 (tata) — tatrts) — ta(tst1)
— t3(tite) + ta(tats) + qts(tatr) + 2q(trta)ts + ¢*(tita)ts,
—(=1+q+ti(tats) — (=1 + g+ ¢*)ti(tsta) — taltits) — ta(tsty)
tg(tltg) + tg(tgtl) + qt3(t2t1) + 2q(t1t2)t (tth)tg,
—(=1+q+ ¢)ta(tats) — (=14 q + ¢*)t1(tta) — ta(tats)
— to(tstr) — ta(trta) + ta(tats) + qts(tatr) + 2q(tita)ts + ¢* (trta)ts,
—(=1+q+ ¢)ta(tats) — (=14 q + ¢*)t1(tsta) — ta(trts)
— to(tstr) — ta(trta) + ta(tatr) + qts(tatr) + 2q(tita)ts + ¢* (trta)ts,
—(=1+ g+ ¢*)ta(tats) — (=14 q + ¢*)t1 (tsta) — ta(t1ts)
— ta(tatr) — ta(tita) + ta(tat1) + qta(tats) + 2q(trta)ts + ¢*(tita)ts,
—(—1+ g+ @)t (tats) — (—1+ g+ ¢*)t1(tsta) — ta(tats)
— to(tst1) — ta(tate) + t3(tat1) + qts(tatr) + 2q(t1te)ts + ¢ (trta)ts
if g #—2 and
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f1 = ti(tats) + t1(tste) + ta(tits) + ta(tsty) + t3(tita) + ta(tatr),

1 1
fo=—=tatst1) + §t3(t2t1) — (tit2)ts + (t1ts)ta,

2
fs = —=3ta(trts) — Bta(tstr) — 2ts(trta) — ts(tatr) — (trt2)ts + (tat1)ts,
1 5 5 !
fo=sti(tats) — Sta(tits) — Sta(tsts) — ta(tata) — Sta(tatr) — (fita)ts + (tats)t,
2 2 2 2
3 )
f5 = —2ta(t1t3) — §t2(t3t1) — 3t3(tat2) — §t3(t2t1) — (ht2)ls + (tsta)ta,
1 3 3 o
fo = —5ti(tats) — Statats) — Sta(tst) — 3ts(tate) — Sts(tats) — (ta)ts + (tst2)tn
2 2 2 2
if g =—2.
We see that
f1 = zinbiel@,
fo = zinbiel @ (t1, t3, t5),
fz = zinbiel D (tg, t1, t3),
f1 = zinbielD (to, t3, 1),
f5 = zinbiel @ (t3, 11, t2),
fo = zinbiel @ (t3, 9, 11)
if ¢ # —2 and

f1 = —zinbiel T2 (t1, 19, t3),
1 _

f2 = §Z|nb|6|g 2))(t17t27t3)7

f3 = zinbielS ™ (t1, £, 3),

1 1 _ _
f4 = —§zinbiel(*2)(t1,t2,t3) — §zinbielg 2)(t2,t3,t1) + Zinbidé 2)(t1,t2,t3),
1 _ _
f5 = 3zinbiel "D (¢, t, t3) + 5zinbie|§ D(ty, ta, t3) — zinbiell? (t5, 11, 2),

3 1 _ _ _
fo = _5zinbiel<—2>(t1,t2,t3) - §zinbie|§ D(ty, ts,t1) + zinbiel D (t1, o, t3) + zinbiel\ ™ (ta, t5, 1)

if g =—2.
Now we establish that the identity zinbiel ™2 = 0 is a consequence of the identities zinbielg_2) =0

and zinbiel,? = 0.
We have

- zinbielg_Q) (t1,t2,t3) + zinbielg_Q)(tl, to, t3)
= to(tsty) — t3(taty) + 2(t1ta)ts — 2(t1t3)ta — 3ta(tits + tgt1) — 2t3(t1te) — t3(tatr) — (tit2)ts + (tot1)ts
= —3ta(tits) — gtg(tgtl) — 2t3(t1ta) — gtg(tgtl) — (t1ts)ta + (tat1)ts.
Thus,
- zinbielg_m (t1,t2,t3) + zinbielg_Z)(tl, to,t3) — zinbielg_2) (ta,t3,11)
+ zinbieléﬁz) (ta,t3, t1) — zinbielgfz) (ts,t1,t2) + zinbieléﬁZ) (t3,t1,t2)

9
= 5(—751 (tgtg + tgtg) — tQ(t3t1 + tltg) — t3(t1t2 + tgtl)).
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In other words,
2 _ _
zinbiel(_2) (tl, t2, tg) = 5{—zinbie|§ 2) (tl, t2, tg) + zinbielg 2) (tl, tg, tg)
— zinbielgd) (to,ts,t1) + zinbieléﬁQ) (ta,ts,t1) — zinbielgfz) (ts,t1,t2) + zinbielgd) (t3,t1, tz)}.
Thus, any polylinear identity of degree 3 follows from the identity zinbiel@ = 0 if q# —2. If ¢ = -2,

then any polylinear identity of degree 3 follows from the identities zinbielg_z) =0 and zinbielé_z) = 0.

5. Restoring of Zinbiel Algebras by g-Zinbiel Algebras

Lemma 5.1. Suppose that an algebra A = (A,x) satisfies the identity zinbiel D = 0 if ¢ # —2 and the

identities zinbielgfz) =0 and zinbie|272) =0 if g = —2. Then A is isomorphic to some algebra of the

form A9 where A = (A, o) is an algebra with vector space A and Zinbiel multiplication o.

Proof. If ¢ # —2, then

(1= ¢%)'zinbiel(t1, t2,t5) = (¢ — @)(2+9)) " (g — L)zinbiel® (¢4, 15, ;)
+ (g — 1)zinbiel @ (t5, t1, t3) — qzinbiel'® (¢4, t3, 1) + ¢*zinbiel @ (t3, tg, 1)).
If ¢ = —2, then

1 1 _ 2 _ 1 _
— gzinbiel(tl,tz,tg) = —gzinbielg 2)(t1,t2,t3) + gzinbielg 2)(t2,t3,t1) — gzinbielg 2)(t3,t1,t2)
1 _ 2 _ 2 _
— gzinbielg 2)(t1,t2,t3) - gzinbielg 2)(t2,t3,t1) + gzinbielg 2)(t3,t1,t2).

Let (A, %) be any algebra with the identity zinbiel@ = 0 if ¢ # —2 or satisfy the identities zinbie|§_2) =0
and zinbielg_Q) =0if ¢ =-2.
We have proved that the algebra (A, o), where
aob=(1-¢")"Yaxb—qgbxa),

is Zinbiel. It is easy to see that
aogb=aob+qgboa=axb.
Thus, the g-algebra of (A, x) is isomorphic to A = (A4, o).
6. Zinbiel Algebra under a —1-Commutator
Let
tortkara(tl, to, ts, t4) = (tth)(t3t4) + (t1t4)(t3t2) — jac(tl, to, t3)t4 — jac(tl, t4, tg)tg,
where
jac(ti,t2,t3) = (tite)ts + (tats)ts + (t3t1)ta.

Lemma 6.1. Let (A, o) be a (right or left) Zinbiel algebra. Then (A, [, ]) satisfies the identity tortkara = 0,
where [a,b] =aob—boa.

Proof. Assume, for simplicity, that A is right-Zinbiel.
Since
(a,b,c) =ao(boc)—(aob)oc=—(boa)oc,
we have
jac(a,b,c) = (a,b,c) + (b,c,a) + (¢,a,b) — (b,a,c) — (¢,b,a) — (a,c,b)
= —(boa)oc—(cob)oa—(aoc)ob+ (aob)oc+ (boc)oa+ (coa)ob=[a,bloc+ [b,cloa+[c,a]ob.
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Thus,

ljac(a, b, c),d] = jac(a,b,c) od — d o jac(a, b, c)
= ([a,b] oc)od+ ([b,c]oa)od+ ([c,a]ob)od —do([a,bloc) —do([b,c]oa)—do([c,a]ob)
= ([a,b] oc)od+ ([b,c]oa)od+ ([c,a]ob)od —[a,b] o (doc)—[b,c]o(doa)—[c,a]o(dob).

In a similar way, one calculates [jac(a, d, ¢),b] and

ljac(a,b,c),d] + [jac(a, d, c), ]
= ([a,bloc)od+ ([b,c]oa)od+ ([c,a] ob)od — [a,b]o(doc) — [b,c]o(doa)—[c,a] o(dob)
+ ([a,d]oc)ob+ ([d,c]oa)ob+ ([e,al od) ob —[a,d] o (boc)—[d,c]o(boa)—[c,a]lo(bod).

Therefore,

tortkara(a, b, ¢, d) = [[a, b], ¢, d]] + [[a, d], [c, D]

— ([a,b]oc)od — ([b,c]oa)od— ([c,a] ob) od+ [a,b] o (doc)+ [bclo(doa)+ [c,alo(dob)
—([a,d]oc)ob—([d,c]oa)ob— ([c,a]od)ob+ [a,d]o(boc)+[d,c]o(boa)+[c,a]o(bod)
=la,blo (cod)+ [a,d]o(cob)+[d,c]o(aob)+[bclo(aod)+[c,alo(dob)+[c,a]o (bod)
— ([a,b)oc)od — ([b,c]oa)od— ([c,a]ob) od— ([a,d]oc)ob—([d,c]oa)ob— ([c,alod)ob
— X4V,

where

X =[a,d]o(cob)+[d,c]o(aob)+[c,alo(dob)— ([a,d]oc)ob— ([d,c]oa)ob— ([c,a]l od)ob,
= [a,b]o(cod)+ [b,c]o(aod)+[c,alo(bod)— ([a,b]oc)od— ([b,c]oa)od— ([c,a] ob)od.
By the right-Zinbiel identity,

+

X =(cola,d|+aold,c]+dolc,al])ob.
By the left-commutativity identity,
cola,d|+aold,c]+dolc,a]l =0.
Thus, X = 0. Similarly, Y = 0. Thus, tortkara(a,b,c,d) = 0 for any a,b,c,d € A if A is right-Zinbiel.
Lemma 6.2. The identity tortkara = 0 is minimal for 3inbiel™V, e, any identity of degree 3 for

Jinbiel(—) follows from the skew-symmetric identity and any identity of degree 4 for Jinbiel(—) follows
from the identity tortkara = 0.

Proof. Let
X3(t1,ta,t3) = A1 (t1ta)ts + Aa(tits)te + As(tats)ty

be a generic anti-commutative polynomial, i.e., an element of the free anti-commutative algebra of degree 3.
Let

Xy(t1,ta,t3,t4)
= Al(tltg)(t3t4) + )\2(t1t3)(t2t4) + )\3(t2t3)(t1t4) + )\4((t1t2)t3)t4 + )\5((t1t3)t2)t4
+ A6 ((tita)ta)ts + Ar((tatz)tr)ta + As((tata)tr)ts + Ao((t3ta)tr)ta + Aio((t1t2)ta)ts
+ A1 ((tta)ta)ta + Aa((tita)ts)te + Mi3((tats)ta)ts + Aa((tata)ts)ts + Ais((tata)t2)ts

be a generic anti-commutative polynomial of degree 4.
Let F be the free Zinbiel algebra with generators a, b, ¢, and d and with multiplication (x,y) — zy.
We calculate X3(a,b,c) € F in terms of the commutator [z,y] = zy — yx. We have

X3(a,b,c) = Ai[[a,b], c] + A2[[a, ], b] + A3[[b, ], a] = (A1 — A2 — Ag)(ab)c + (—A1 + A2 + A3)(ac)b
+ (—)\1 — Ay — Ag)(ba)c + ()\1 + Ay + Ag)(bc)a + (—)\1 — Ao + Ag)(ca)b + (/\1 + Ay — Ag)(cb)a.
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Since the set of elements
{(ab)e, (ba)e, (ca)b, (ac)b, (be)a, (cb)a}

forms a basis of the polylinear part of the free Zinbiel algebra in degree 3, we see that X3(a,b,c) = 0 if
and only if Ay = 0, Ao = 0, and A3 = 0. This means that any identity of degree 3 for 3inbiel Y follows
from the anti-commutativity identity ¢t + tot1 = 0.

We calculate X4(a, b, ¢,d) in terms of the commutator. We have
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forms a basis of the degree-4 polylinear part of the free Zinbiel algebra, the condition X4(a,b,c,d) = 0
gives us a system of 24 linear equations with 15 unknowns A;, ¢ = 1,...,15. We see that this system has
rank 12, and we can take A1g, A2, and A5 as free parameters and express the other parameters in the
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following way:
AL = —A12 — A5,
A2 = A1 + A1,
A3 = —A10 — A2,
A1 = Ao + A2 + A,
As = —A10 — A12 — A1s,

A6 = —A10,

A7 = A10 + A12 + Ais,

As = Ao,

Ag = —A12,

A1l = —A12,

A13 = A5,

A4 = —A15.
Therefore,

Xy = Xu(t1,t2,t3,t4) = Mof1 + M2fo + A5 f3,

where

f1 = (tats)(tats) — (tats)(tita) + ((t1ta)ts)ts + ((t1t2)ta)ts — ((t1ts)ta)ts — ((t1ta)ta)ts
+ ((tat3)t1)ta + ((tata)tr)ts,

fo = —(tita) (tsts) — (tatz)(trita) + ((tat2)ts)ts — ((tata)ta)ts — ((fats)ta)ta + ((trta)ts)to
+ ((tats)tr)ta — ((t3ta)tr)to,

f3 = —(tita)(tats) + (t1ts)(tats) + ((tata)ts)ts — ((trts)ta)ts + ((tats)t1)ts + ((tat3)ts)ts
— ((tata)ta)ts + ((tsta)t2)ts.

We see that the following equalities of skew-symmetric polynomials hold:
f1 = (tats)(tata) + (tata)(ats) — ((t2t1)ta + (tata)te + (tate)t1)ts — ((tat1)ts + (tats)te + (t3te)tr)ta
= tortkara(ty,t3, to, ts),

fo = —(tita)(tats) — (t1ta)(tate) + ((tito)ts — (tits)ta + (tatz)ti)ta + ((t3t1)ta + (tita)ts + (tats)ti)to
= —tortkara(ti, to, t3,t4),

f3 = (tgtl)(t3t4) + (t2t4)(t3t1) — ((tgtl)tg, + (t1t3)t2 + (tgtg)tl)t4 — ((tgtz)t4 + (t2t4)t3 + (t4t3)t2)t1
= tortkara(ta, t1,t3,t4).

These mean that any identity of degree 3 of the category 3inbiel(~V follows from the identity tortkara = 0.

7. Zinbiel-Jordan Algebras

In [5], it is proved that (A4,{, }) is commutative and associative if (4, o) is Zinbiel, where {a,b} =
aob+boa.

8. Algebras with Multiplication axb=a [[b

Let A = C[z] and 0 = 9/0z and [ = [ be the differentiation and integration endomorphisms. We
0 T, T

set here [0 = 0. For example, d(z1) = 423 and [2* = 25/5. We write [[ a instead of f(fadx) dr.
00
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Proof. The right-commutativity identity is evident:

(axb) e = <a//b>//c:<a//c>//b:(a*c)*b

The second part follows from Lemma 8.2.

Lemma 8.4. Suppose that (A, *) satisfies the right-commutativity identity (1) and identity (3). Then the
algebra (A, [, ]) under the commutator [a,b] = axb — b* a satisfies the identity tortkara = 0.

Proof. By the right-commutativity identity,
jac(a,b,c) = (axb—bxa)xc—cx(axb—bxa)+ (bxc—c*b)*a
—a*x(bxc—cxb)+(cxa—a*xc)*xb—bx(cxa—axc)
=—a*x(bxc—cxb)—bx(cxa—axc)—c*(axb—bxa)
and
llac(a,b,c),d] = (—ax(bxc—c*xb) —b*x(cka—axc)—cx(axb—bxa))*d
+dx(ax(bxc—cxb)+bx(cxa—axc)+cx(axb—bxa)
—(ax[byc] +bx[c,a]l + cx[a,b]) xd+ d* (ax[b,c])+bx][c,a]l + cx[a,b].
Similarly, one calculates [jac(a, d, c),b]. We see that
ljac(a, b, ¢),d] + [jac(a,d, c), ]
= —(ax[b,c]+bx[c,a]l + cx[a,b]) xd+ d* (a*[b,c]+bx*][c,a] + ¢*][a,b])
—(ax[d,c] +dx[c,al + cx[a,d]) xb+bx (a*[d,c] +dx*][c,a] + c*[a,d])
—(axd)*[b,c] — (b*xd)x[c,a] — (cxd)*[a,b] + dx (ax][b,c] +bx*[c,a] + c*[a,b])
—(axb)x[d,c] — (d*b) *[c,a] — (c*b) *x[a,d] +bx (ax[d,c]+ dx][c,a] + cx [a,d]).

Thus,
tortkara(a, b, ¢, d) + [c, d] % [a, b] + [, b] x [a, d]
= (a*b)*[c,d] — (b*a)*[c,d] + (a*d) *[c,b] — (d*a)* [c,b]
+ (axd)x [b,c] + (bxd) x[c,a] + (cxd) x [a,b] —d* (ax[b,c|]+ bx[c,a] + ¢*[a,b])
+ (axb)x[d,c] + (d*b)x[c,a] + (cxb) x [a,d] —bx (ax[d,c|]+dx*[c,a] + c*[a,d])
—(bxa)*[c,d] — (dxa)x[c,b] + (bxd) % [c,a] + (cx d) % [a,]]
—dx*(a*[byc]) —dx*(bx][c,al) —dx* (c*][a,b])
+ (d*b)x[c,a] + (cxb) x [a,d] —b* (ax[d,c|]) —bx (d*[c,a]) —b* (cx[a,d])
=T(a,b,c,d) + [c,d] x [a,b] + [c,b] * [a, d],
where

T(a,b,c,d) = (b,a,[c,d]) + (b,d, |a,c]) + (b,c,[d,a]) + (d,a,[c,b]) + (d,c, [b,a]) + (d, b, [a, c]).
By (3), T(a,b,c,d) =0 for any a,b,c,d € A.

9. Proof of Theorem 2.1
The proof follows from Lemmas 3.1, 3.2, 3.3, 4.1, and 5.1.

10. Proof of Theorem 2.2

The proof follows from Lemmas 6.1 and 6.2.
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11. Proof of Theorem 2.3
The proof follows from Lemmas 8.3 and 8.4.

Acknowledgments. I am thankful to M. Kawski, A. Agrachev, A. Sarychev, and E. Rocha for their
stimulating questions about identities of Zinbiel algebras under Lie commutators.
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